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ABSTRACT

This thesis investigates combinatorial principles from order theory and Ramsey theory
with a focus on foundational aspects within the framework of reverse mathematics and
computability theory. The first part focuses on order dimension theory, a classical topic at
the intersection of order theory and combinatorics. Intuitively, the dimension measures
how “far” a poset is from being linearly ordered. We are interested in statements that give
an upper bound to the dimension of a poset in terms of the dimension of its subposets,
obtained by removing one or more points. We analyze these bounding theorems, calibrat-
ing their logical strength within subsystems of second order arithmetic. The second part
examines the notion of strong indivisibility, a particular Ramsey-like property. We focus
on countable structures, with particular emphasis on Cameron’s classification theorem of
strongly indivisible graphs. We study this classification from the perspectives of reverse
mathematics and computable combinatorics, investigating the role of induction axioms
and effective constructions. In the final part we study a very general finite Ramsey theorem,
where both the sets being colored and the homogeneous set must satisfy some largeness
notion. Historically, largeness notions were associated to countable ordinals and systems
of fundamental sequences. To extend this approach we develop a more flexible framework
using blocks and barriers. Since the complexity of barriers can be measured by count-
able ordinals, we define and study Ramsey ordinals, a generalization of the well known

Ramsey numbers of classical finite Ramsey theory.
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INTRODUCTION

In this thesis, we apply methods from mathematical logic (particularly those from com-
putability theory) to address a range of problems in combinatorics. Our investigation
centers on three main themes: the theory of order dimension, indivisible relational struc-
tures and Ramsey-like principles. These areas, while rooted in combinatorial reasoning,
also open the door to foundational questions, making them natural subjects for analysis
within the frameworks of reverse mathematics and computability theory. We aim to study

the computational and logical strength of various combinatorial statements.

Order dimension theory explores the complexity of partially ordered sets by quantifying
how far a given poset is from being a linear order. Intuitively, the dimension of a poset
measures the minimum number of total orders whose intersection recovers the original
partial order. This concept, introduced by Dushnik and Miller, has since become a fun-
damental tool in understanding the combinatorial and structural properties of partially
ordered sets.

Classical results in the theory provide upper bounds on the dimension in terms of
parameters like the cardinality, height and width of the partially ordered set, with notable
milestones including Hiraguchi’s bound stating that an n-element poset has dimension at
most n. However, these bounds are often not tight, motivating a deeper investigation into
the nature of these inequalities and their logical strength.

This thesis revisits some of these bounding theorems from the point of view of reverse
mathematics, a program that seeks to calibrate the precise axiomatic strength required to
prove mathematical statements. In Chapter 2 we study which comprehension or induction
axioms are necessary for these statements and we classify them within subsystems of

second order arithmetic.

Ramsey theory asserts the existence of large homogeneous structures with respect to
arbitrary colorings with finitely many colors. While classical Ramsey’s theorem and its
variants have been intensively studied, recent years have seen a surge of interest in under-
standing their uniform computational content and the precise logical strength of related
combinatorial principles.

One main point of this thesis is the study of indivisible structures. These are countable
relational structures that, under any finite coloring of their domain, contain monochro-

matic induced substructures isomorphic to themselves. We focus on strongly indivisible
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structures, in which the full set of some color is required to yield an isomorphic sub-
structure. Cameron’s classification theorem identifies exactly three strongly indivisible
countable graphs: the complete graph, the totally disconnected graph, and the random
graph.

In Chapter 3 we examine Cameron’s theorem from the perspective of computability the-
ory and reverse mathematics, investigating the complexity of witnessing the indivisibility
property. Even though indivisibility and strong indivisibility are similar notions, the latter
one turns out to be more difficult to investigate.

The foundational work of Paris and Harrington revealed that certain true natural com-
binatorial statements cannot be proved in Peano arithmetic. Building on this, subsequent
research introduced notions of x-largeness for countable ordinals below ¢, providing a
fine hierarchy to measure the “size” of finite sets of natural numbers.

In this thesis we investigate and develop a more flexible framework of largeness notions
using blocks and barriers. This notion generalizes earlier concepts defined via systems
of fundamental sequences on ordinals. Each block is assigned a countable ordinal, its
height, that captures its combinatorial complexity, enabling the study of largeness beyond
classical finite parameters to transfinite settings.

We employ this framework to analyze Ramsey-like statements for colorings of subsets
with transfinite size parameters, bridging finite combinatorics and infinite ordinal struc-
tures. The central achievement of Chapter 4 is the computation of Ramsey ordinals within
this setting, expressed through ordinal functions in the Veblen hierarchy.

While the three parts of this thesis each tackle distinct areas, their common theme is
the study of combinatorial principles mostly from Ramsey theory and of foundational
questions especially from the perspective of reverse mathematics. Together, these investi-
gations deepen our understanding of how combinatorial principles reflect the landscape
of logical strength and computability. This thesis contributes to the broader project of
situating combinatorial mathematics within the framework of mathematical logic.

The following chapters develop these themes in detail, providing both classical back-
ground and novel results that advance the state of the art in dimension order theory,
computable combinatorics and Ramsey theory with large ordinals.



1 PRELIMINARIES

The goal of this first chapter is to give the necessary background and to fix the notation
for the rest of the thesis. We do not aim to give an exhaustive presentation of every topic
but we provide references in each section. We assume the reader to be familiar with the
basic notions of computability theory (as presented, for instance, in [Soa87]).

1.1 REVERSE MATHEMATICS

Reverse mathematics is a research program in the foundations of mathematics started in the
nineteen seventies by Friedman and greatly expanded by Simpson and others. Classical
references on the topic are [Fri7s5; Simog] while a more recent and updated one is [DM22].
Its goal is to calibrate the strength of principles of ordinary mathematics by studying
which axioms are necessary (as opposed to sufficient) for proving them. Here by ordi-
nary mathematics we mean mathematics “prior to or independent of abstract set theoretic
concepts”.

The core idea of reverse mathematics is well summarized by a remarkable observation
of Friedman: “"When the theorem is proved from the right axioms, the axioms can be proved from
the theorem”. This phenomenon appears quite often: once a theorem is proved from an
appropriate set of axioms, it is possible to derive (over a weak base theory) the axioms
from the theorem. This kind of proof is usually called a reversal and gives information
about the strength of a theorem. In particular, if a principle T requires a set of axioms S to

be proved, then any proof of T must use axioms at least as strong as S.

Now that we understood the aim of reverse mathematics, we need to find a suitable
environment to study the mathematical principles. Most of the times the research is de-
veloped in subsystems of second order arithmetic. The language of second order arithmetic
L, is a two sorted language, which means that the are two kinds of variables: first order
variables (number variables) ranging over IN and second order variables (set variables)
ranging over subsets of IN. In formulas we use lowercase letters to denote number vari-
ables and uppercase letters to denote set variables. The extralogical symbols of £, are the
following:
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e constant symbols 0,1,
e binary function symbols +,-,
e binary relation symbols < between numbers and € between a number and a set.

Definition 1.1.1. A model M of £; is a tuple

(|M|/ SMI OM/ ]Mr +M, M, <My GM)

where [M] (the first order part) is the range of number variables, Sy C P(IM]) (the second
order part) is the range of set variables, On1 and 1p4 are distinguished elements of [M|, +m
and -pm and functions from [M| x [M| to [M| and < is a binary relation on [M|. The em
relation is interpreted as the usual set membership relation.

When working in £;, it is customary to denote the first-order part of a model by IN, and
to reserve w for the standard natural numbers. We also use this convention when working
in reverse mathematics.

The intended model of £, has w as its first order part and P(w) as its second order part,
while the extralogical symbols are interpreted in the standard way. An w-model is a model
of £, with first order part w and second order part a Turing ideal, namely a subset of P(w)
closed under Turing reducibility and join.

Definition 1.1.2. The arithmetical hierarchy is the following classification of £;-formulas
without set quantifiers (possibly with number and set parameters). Such formulas are
called arithmetical formulas.

¢ A formula where only bounded number quantifiers occur is £3 or TTS.

o If ¢ is I3 for some n, then the formula Vx ¢ is T1O ;.

o If ¢ is TI9 for some n, then the formula Ix ¢ is £ ;.

o If ¢ is equivalent both to a £ and to a TS formula for some n, then ¢ is AS.

Definition 1.1.3. The analytical hierarchy is the following classification of £,-formulas (pos-

sibly with number and set parameters).
o An arithmetical formula is £} or TT].
o If ¢ is I] for some n, then the formula VX ¢ is T} _ ;.

o If ¢ is TT), for some n, then the formula IX ¢ is le 1
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o If ¢ is equivalent both to a £} and to a IT), formula for some n, then ¢ is A}..

Definition 1.1.4. For each family I" of £,-formulas, IT" is the induction scheme of axioms
(@(O)AVX (@(x) = @(x+1))) = Vx (¢(x))
for ¢(x) € I'. Furthermore, I'-CA is the comprehension scheme of axioms
IXVx(x € X < @(x))

where X is not free in @(x) and @(x) €T.

The theory Z, of full second order arithmetic consists of first order axioms of a discrete
ordered semiring with a minimum element (a first order theory denoted by PA™), full
induction and full comprehension namely IT" and I'-CA where I' coincides with the set of
all £;-formulas. Full second order arithmetic is an amazingly strong theory and it is rather
challenging to find a mathematical theorem that can be expressed as an £, formula but
cannot be proved in Z,. Of course, because of Godel’s incompleteness theorems, there
are examples like Con(Z;). Other more natural results provable in ZFC (Zermelo-Fraenkel
set theory with the axiom of choice) but not in Z; are known to set theorists but they are
quite sophisticated. An example of this kind of results are choice principles. Z; includes
full comprehension but is unable to prove choice for £} formulas (see [Simog, Remark
VIL6.3]).

Since Z; is so strong and we are interested in calibrating the strength of mathematical
theorems using axiomatic systems, we consider fragments obtained by weakening the
collection of comprehension and induction axioms. These subsystems are a key subject of
reverse mathematics. A typical such subsystem usually has the shape

PA~ 4+ T-CA 4129

for some set I' of £, formulas.

A well known empirical fact in reverse mathematics is the so called big five phenomenon:
many theorems of ordinary mathematics happen to be equivalent to one among four sub-
systems of second order arithmetic or provable in the base system. We list them in order

of strength.
(1) RCAp: PA™ + A9-CA + 129,
(2) WKLp: RCAp + Weak Konig’s Lemma,

(3) ACAp: RCAp + comprehension for arithmetical formulas,

3
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(4) ATRp: RCA( + arithmetical transfinite recursion,

(5) TT1-CA: RCA + comprehension for I} formulas.

A nice reference for the history of the big five is [DW17].

RCA¢ corresponds roughly speaking to a formalization of computable mathematics. Essen-
tially RCA( guarantees that two principles are equivalent up to effective transformation.
Usually it is assumed to be the weak base theory over which the reversals are proved.
Despite its weakness, RCA( is sufficient to prove a number of classical theorems like the
intermediate value theorem or Szpilrajn theorem. These theorems are, in a sense, below
the reach of the reverse mathematics enterprise because they are already provable in the
base system.

WKLy is the strengthening of RCAy with the statement "every infinite binary tree has an
infinite path". It corresponds to finitistic reductionism (see [Simog, Section L.12]). Such sys-
tem is strictly stronger than RCAy and there are many mathematical principles equivalent
to it. We mention the ones most pertinent to our purposes.

Theorem 1.1.5 (RCAp). The following are equivalent:
(1) WKLy,

(2) iff,g: IN — N are 1-1 functions with Ymvn (f(m) # g(n)), then IXvn (f(n) € XA g(n) ¢
X)/

(3) if @(n) and P(n) are Z? formulas in which X is not free and —3n (@(n) APp(n)), then
IXVn(en) -=neXAPpn) »>n¢X).

ACA( corresponds to predicativism. The basic ideas of this axiomatic system were already
present in the work of Russell and Poincaré at the beginning of the twentieth century. The
system is a conservative extension of first order Peano arithmetic. We point out a couple
of useful equivalent mathematical principles.

Theorem 1.1.6 (RCAy). The following are equivalent:
(1) ACA,,
(2) if f: N — N is a 1-1 function, then IXVn (n € X « Im (f(m) =n)),
(3) for each set X its Turing jump X’ exists i.e. VX3IY (Y =X').

The remaining systems are less important for the rest of the thesis. ATRy corresponds
to predicative reductionism and it states, informally, that any arithmetical functional can be
iterated along any countable well ordering. TT}-CA is fully impredicative and in some sense
it is related to ATRy as ACAy is related to WKL,.
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Theorem 1.1.7 (RCAp). The following hold:

o ATRy is equivalent to the statement: for every Z} formulas @(n) and \p(n) in which X is
not free and ~In (@ (n) AP(n)), then IXVn(e(n) - ne XAPp(n) -n¢X),

o TI1-CAy is equivalent to the statement: each ill founded tree has a leftmost path.

The big five derive their strength from set existence axioms. In fact, they can also be inter-
preted as statements asserting the existence of more and more incomputable sets, linking
them to fundamental results in computability theory. By contrast, alternative subsystems

can be obtained by strengthening induction rather than comprehension.

Definition 1.1.8. For each family I" of £,-formulas, BT is the bounding scheme of axioms
Vz(Vx <z3ye(x,y) — IwVx <zIy <wao(x,y))
for ¢(x) € I'. Furthermore, LT is the least number principle scheme of axioms
Ixe(x) = Ix(e(x) A=Ty <xely))

for o(x) eT.

A lot of work concerning IT', BI" and LI" was done by Paris and Kirby in [PK78]. We

summarize the most important results.

Theorem 1.1.9. Fix n > 1. The following are provable in PA™:
o B9 is equivalent to BTT®_,,
° IZ?L_I + Bzg implies BZ?L_],

° I)Zg + BZ?L implies IZ?H].

Moreover, the following equivalences hold 1Z8 <5 ITTS, <+ LZ8 < LTTO.

It is provable that the implications in the previous theorem are strict. Hence, we obtain
a strictly increasing hierarchy of subsystems of Z, which is known as the Paris-Kirby hier-
archy. If we add RCA¢ to each subsystem, we have that the hierarchy lies between RCA(
and ACAj in terms of axiomatic strength. At the same time, each principle is incomparable
with WKL,.

We are mostly interested in IZ9 in Chapter 2 and Chapter 3. Theorems equivalent to this
system have been studied for instance in [Hirg2; GHM15; CT22; Fri1iy]. We recall here a
basic fact (see [Simog, Exercise II.3.13]).

5
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Theorem 1.1.10 (RCAp). The following are equivalent:
(1) 159,

(2) bounded LS comprehension: for each £3 formula @ with X not free

VzaXVx(x € X x <z A @(x)).

We highlight that there are theorems of ordinary mathematics which are not equivalent
to any of the big five axiom systems. Starting from Seetapun’s groundbreaking result
that RT$ (Ramsey theorem for pairs and two colors) is not equivalent to any of the big
five, many statements mostly from combinatorics and Ramsey theory that lie strictly be-
tween RCAp and ACAp and are incomparable with WKLy have been discovered. This
phenomenon became known as the zoo of reverse mathematics.

1.2 GRAPH THEORY AND ORDER THEORY

For a deeper introduction to the topics of this section we refer to [Fis85; Haros].

Formally, a countable graph G = (V,E) is a pair consisting of a nonempty set V C IN of
vertices and an irreflexive, symmetric edge relation E. For W C V, the induced subgraph is
(W,ETW x W). We frequently abuse notation by equating a graph with its domain (e.g.
writing W C G), by conflating a set of vertices with its induced subgraph, and by using
subgraph to mean induced subgraph.

A vertex x is isolated if —E(x,y) for all y € G and is universal if E(x,y) forally #xin G. A
countable graph G = (V, E) is strongly indivisible if for every vertex partition V=W, L W7,
either Wy = G or W = G.

For n >0, K;, denotes the complete graph on n vertices. K., denotes the complete graph
with V=N and E ={(n,m) : m # n}, and K, denotes the completely disconnected graph
with V=N and E =0.

For a graph G = (V, E), let G denote the graph obtained by swapping the edges and non
edges (except along the diagonal). Formally, G = (V,E) with E ={(m,n) ¢ E: m #n}.

The standard development of the random graph can be carried out in RCAy. Let g
denote the usual extension axiom stated in second order arithmetic.

VfiniteA,B C V (Am B=0— 3x((Vac A)E(x,a) A (Vb € B)ﬁE(x,b))).



1.2 GRAPH THEORY AND ORDER THEORY |

A countable graph satisfying ¢« is called a random graph. When working in a random
graph, we can assume the existential witness x satisfies x ¢ A U B. To see why, apply ¢z
to AUB and () to get a vertex v connected to every node in A UB. Then apply ¢x to A
and B U{v} to get a node x connected to everything in A and nothing in B U{v}. It follows
that x ¢ A because the edge relation is irreflexive and x ¢ B because everything in B is
connected to v.

RCA, suffices to show that there is a random graph by, for example, letting V =IN and
putting a symmetric edge between x and y when x <y and the x-th bit of the binary
representation of y is 1. Moreover, the classical back and forth argument can be carried
out in RCA( to show that there is a unique random graph up to isomorphism.

Proposition 1.2.1 (RCAy). If Go and Gy are random graphs, then Go = Gj.

We continue to use R to denote a random graph, which by Proposition 1.2.1, is deter-

mined up to isomorphism in RCA,.

A partially ordered set (or simply a poset) is a pair (P, <) where P is a set called the domain
and = is a binary relation which is reflexive, transitive and antisymmetric. As in the graph
case, we often abuse notation by identifying a poset with its domain. We denote by < the
irreflexive version of <. We introduce another binary relation | associated to a poset (P, =<).
We stipulate that x |y if and only if x Ay and y A x. We call | the incomparability relation
of (P,=<). We say that subsets Y and Z of a poset (P,=) are incomparable if for eachy € Y
and eachze Z, y |z

A subset X of a poset (P, =) is downward closed if for every x € X and every y € P, if y <x
then y € X. We also say that X is an initial interval of (P,=).

A linear order (or a chain) is a poset (P, <) in which any two distinct elements are com-
parable. We use the symbol < to denote a generic poset and we reserve the symbol < if
we want to highlight that it is a linear order. We say that a poset (P, <7) extends a poset

(P,=2) if <, € <¢. An extension of a poset to a linear order is called a linearization.
Theorem 1.2.2 (Szpilrajn extension theorem). Every poset can be linearized.

The classical proof can be found in [Szp30] and uses Zorn’s lemma. Theorem 1.2.2
implies the axiom of finite choice (see [Hero6]) which states that if (Sx)«c1 is a family of
non empty finite sets then the set theoretic product TTyca S« is non empty. This statement
is strictly weaker than full axiom of choice but it is still independent from ZF (see [Mo0082]).
In [HR98] it is shown that Theorem 1.2.2 combined with the statement that every total
order has a cofinal well order, proves the full axiom of choice.

It is possible to define a number of parameters to describe a partial order. For instance
the height measures the maximum cardinality of a chain while the width measures the

7
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maximum cardinality of an antichain. Among these parameters one of the most interesting

is the dimension of a poset.

Definition 1.2.3. If (P, <) is a poset, we say that a family (P, <;)ic1 of linearizations realize
(P, =) if ﬂiel <ij==. The dimension of (P,=) is the least cardinality of a realization and is
denoted dim(P, <) or simply by dim(P).

By Theorem 1.2.2 there exists at least a linearization of any poset. A poset has dimension
1 if and only if it is a chain. On the other hand, an antichain has dimension 2: it suffices to
take any linearization < of the antichain and its reverse &>. A fundamental result proved
by Dushnik and Miller in [DM41] states that for any cardinal k > 0 there exists a poset of
dimension k.

In practice, to show that dim(P) < k it suffices to find a set of k linearizations {<J: & < Kk}
of P satisfying: for all x,y € P such that x | y there exists & < k with x €« y. In fact, if x <y
then x <4 y holds for every «, and if y < x then x <, y never holds.

1.3 SYSTEMS OF FUNDAMENTAL SEQUENCES

If X CIN we denote by [X]=% the set of finite subsets of X and, for n € N, by [X]™ the set
of subsets of X with exactly n elements. In this section and in the one that follows we use
uppercase letters X,Y,Z to denote subsets of IN which may be finite or infinite and we use
lowercase letters s,t,u to denote finite subsets of IN.

We identify a subset of N with the strictly increasing sequence (finite or infinite) which
enumerates it and denote by X(i) or X; the element in position i in the sequence. If s is
such a finite sequence then |s| denotes its length (coinciding with the cardinality of the set)
and we write s = (sg,...,85|—1)-

Given s,X C N, by s C X we mean that s, as a sequence, is an initial segment (or prefix)
of X. This is stronger than s C X, which denotes set theoretic inclusion as usual. The
irreflexive versions of the previous relations are denoted by C and C.

If s and X are non empty, we let s* = s \ {maxs} and X~ = X\ {minX}. By s < X we mean
that each element of s is strictly smaller than each element of X or equivalently (when s
and X are nonempty) maxs < minX. We write s~ X for the concatenation of the sequences
s and X. Notice that in our setting s~ X does make sense only if s < X and, set theoretically,
coincides with s U X.

For ordinals « and 3 we write o« > 3 to mean that the exponent of the last term in the
Cantor normal form of « is greater than or equal to the exponent of the first term in the

Cantor normal form of f3.
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Definition 1.3.1. A fundamental sequence for an ordinal « > 0 is a non decreasing sequence
of ordinals «[n] such that sup{x[n]+1:1n € w}= «. For notational convenience we stipulate

that the fundamental sequence of 0 is always O[n] =0 for all n.

Let I' be an ordinal. If we fix a fundamental sequence for each ordinal & < T we speak

of a system of fundamental sequences on T.

Definition 1.3.2. A system of fundamental sequences on I' is regular if for each ordinal
Bo+ wh1 < T with By => wh1 (i.e. By are the leading terms in the Cantor normal form of
the ordinal, which has another term) and each n it holds that

(Bo+ wP)m] =Bo + (wP1n]).

Notice that if « is an ordinal such that wP < o < wP*T, regularity implies that a[n] > wP

for each n. Regularity also implies that for each « and each n, (x+ 1)[n] = .

Definition 1.3.3. A system of fundamental sequences on I' is nested if it is never the case
fory<pB <Tand n > 1 that
v > Bl > ynl.

Regularity is a very natural property that is satisfied by most systems of fundamental
sequences that have been studied. Nestedness is a weakening of the Bachmann property
which states that for ordinals v < 3 < T it is never the case that y > [n] > y[1]. The
Bachmann property was introduced in [Bac67] and studied in [PTV91]. An example of a
system of fundamental sequences that satisfies the Bachmann property (but, incidentally,
is not regular) is provided in [FW24].

Various systems of fundamental sequences have been developed, and they are all quite
similar. They are usually developed on an ordinal for which we have some ordinal no-
tation. In Chapter 4 instead, we define a way of going from a system of fundamental
sequences on an ordinal ¢ to a system of fundamental sequences on the ordinal I'; — the
(-th fixed point for the binary Veblen function. Recall that the unary Veblen functions
are a hierarchy of normal functions introduced by Veblen in [Vebo8]. The function ¢y is
ordinal exponentiation in base w and for each ordinal « > 0, ¢« enumerates the common
fixed points of ¢@p for B < « in strictly increasing order. Since the Veblen functions are
normal, each of them has infinitely many fixed points. Then one can define the binary
Veblen function @(x, ) = @«(p): its fixed points are the ordinals « such that o« = ¢(«,0).
Hence, for each (, T is the ¢-th ordinal « such that @«(0) = .

9
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1.4 FRONTS, BLOCKS AND BARRIERS

Blocks and barriers are combinatorial objects introduced in [Nas65] to define better quasi
orderings, a refinement of the notion of well quasi orderings. Laver later used better quasi
orderings in [Lavy1] to prove Fraissé’s order type conjecture. Here we give the definition
of a front (see [CP20]), which is a slightly more general object than a block. We consider

also smooth barriers, which were introduced in [Marog4].

Definition 1.4.1. A set B C [IN]< is a front if either B ={()} or if it satisfies the following
properties:

(1) base(B) ={neIN:ds € B3i < |s|(s(i) =n)} is infinite,
(2) for each infinite X C base(B) there is some s € B such that s C X,
(3) foreachs,te BsiZt.

We say that B ={()} is the degenerate front and by convention we say that base({()}) =IN.
A block is a non degenerate front.

A barrier is a front B such that for each s,t € B s ¢ t.

A front B is smooth if for each s,t € B with |s| < |t] there exists 1 < |s| with s(i) < t(i).

For every n, {s € [N]<% :[s| =n} is a smooth barrier. For convenience, we denote by 1
and 2 the barriers of singletons and pairs.

The set {s € [IN]=% : |s| = s(0) + 1} is also a smooth barrier, often called the Schreier
barrier.

A subfront (respectively, a subblock, a subbarrier) is a subset of a front which is still
a front (respectively, a block, a barrier). If B is a block and B’ C B is a subblock of B
then it must be B’ = {s € B : s C X} for some infinite X C base(B). Vice versa, for each
infinite X C base(B) we obtain a subblock of B by restricting to the elements of B which
are subsets of X. It is straightforward to see that a smooth block is automatically a barrier.
It is also immediate that any subblock of a (smooth) barrier is a (smooth) barrier.

Notice that up to isomorphism we may assume that the base of a front is IN. We often
tacitly do that in proofs where only one block is involved and no restrictions on its base
are required.

Every front is well ordered by lexicographic order [Pouy2] and we denote by o.t.(B) its
order type. The degenerate front is the only front of order type 1. While the order type of
blocks can be any countable limit ordinal, it can be proved that the order types of barriers
are exactly the ordinals of the form wP -mn for 0 < f < wy, 0 <n < w and if B < w then
n =1 (see [Ass74]). Any barrier of order type wP -n contains a subbarrier of order type
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wP. The order type of each smooth barrier is indecomposable (i.e. of the form wP for some
0 < B < wj) and for each B with 0 < 3 < w; there exists a smooth barrier with order type
wP (see [Marg4]). However, there exist barriers with indecomposable order type which
are not smooth.

Another measure of the complexity of a front is its height. Let B be a front and let

T(B) ={s € [base(B)]~“:Vt(tCs—t¢ B}

In other words T(B) is the closure under initial segments of B. Then T(B) is a well founded
tree and the elements of B are its leaves.

We recursively define a function that assigns to each node s € T(B) a countable ordinal
htg (s). If the front is clear from the context we simply write ht(s). If s € B then htg(s) =0

while if s € T(B) \ B then ht(s) = sup{ht(t) + 1:t is an immediate extension of s in T(B)}.

The height ht(B) of the front B is htg(()). The degenerate front is the only front with
height 0. Marcone proved the following in [Marg4].

Lemma 1.4.2. If B is a block, then there exists a smooth barrier B’ such that base(B) =base(B’),
ht(B) =ht(B’) and B C T(B’).

Definition 1.4.3. If A and B are fronts such that base(B) ={n € base(A) : n > m} for some
m (we say that base(B) is a final segment of base(A)) then the sum A @ B is the front
{s"t:s€ B, t € A, maxs < mint}.

If the base of one of the fronts A and B is a final segment of the other we define the
union A LB to be the front consisting of the leaves of T(A) UT(B).

If we apply either operation to smooth barriers we obtain a smooth barrier.

Remark 1.4.4. Notice that base(A & B) =base(B) and base(A LI B) =base(A) Ubase(B).
Arguing by induction and assuming that A and B are smooth barriers®, for each s € T(B)
ht 45 (s) =ht(A) +htg(s) and hence ht(A & B) =ht(A) + ht(B) (this explains the order of
the summands in our notation).
Again an easy induction shows that if A and B are fronts then for each s € T(A L B)
it holds ht4 ;5 (s) = max(ht4(s), hts(s)), where we stipulate that ht,(s) =—1if s ¢ T(A)
(and the same for B). It follows that ht(A U B) = max(ht(.A), ht(B)).

If B is a block and s € T(B) then we define the tree T;(B) ={t:s"t € T(B)} and we call
B the set of its leaves, so that Bs = {t € [base(B)]<% :s™t € B}. One can check that B is a

front, htg (s) =ht(B;) and if B is non degenerate then base(B;) =base(B) \ {0,..., maxs}.

Moreover, if B is a smooth barrier then B is a smooth barrier too. If s = (n) then we
simply write T, (B) and B, instead of T, (B) and B ).

'this might fail when A is not a smooth barrier.

1"






Z DIMENSION OF POSETS

This chapter is joint work with Marta Fiori Carones and Alberto Marcone.

Order dimension theory lies at the intersection of order theory and combinatorics and it
provides a framework for understanding the complexity of partially ordered sets (posets).
Informally, the dimension measures how “far” a poset is from being totally ordered. The
greater the number of linear extensions required to describe a poset, the more intricate its

structure is.

The study of poset dimension began with the seminal work of Dushnik and Miller
in [DM41], where the concept was introduced as a way to represent partial orders as
intersections of linear orders. After that, research in the area was pursued by Trotter,
Hiraguchi and many others who explored combinatorial and structural properties of poset
dimension. The field expanded rapidly through the 1970s and 1980s (see e.g. [BFR72;
BJ73; Bog73; Jr75; Raby8a; Raby8b]). The monograph by Trotter [Trog2] became a central

reference in the area, collecting and organizing many results.

Dimension, intuitively, measures the complexity of the ordering. One might expect that
a poset with low dimension is close to being linearly ordered, but this expectation is not
always accurate: there are posets whose dimension is small but whose structure is rather

complicated, as shown in [Trogz].

Several structural parameters are closely related to dimension, such as cardinality, height
and width. For example, the dimension of a poset (P, =), is bounded above both by its
width (see [Dils0]) and by ‘zﬂ (see [Hir51]). These bounds are tight: the standard example
of a poset of dimension n consists of the 1-element and (n — 1)-element subsets of an n-
element set ordered by inclusion and it has 2n elements, width n and dimension n. We

introduce such poset in Definition 2.1.5 and we call it F,.

Other significant contributions come from work of Baker, who showed that the dimen-
sion of a poset is at least as great as its breadth (a proof can be found in [Fis85]). This
provides a useful lower bound and complements the upper bounds by Hiraguchi and

others.

An important feature of dimension is its monotonicity: a subposet cannot have greater

dimension than the starting poset. In addition, dimension is continuous in the sense that

13
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small changes to a poset cannot drastically alter its dimension. These features make the
dimension robust under typical constructions and modifications.

A particularly rich area of interaction is the connection between order theory and the
foundations of mathematics through the framework of reverse mathematics. In this context,
researchers analyze the logical strength of mathematical theorems by determining the
minimal axiomatic systems needed to prove them. Many results in order theory — such as
variants of Dilworth’s theorem, initial interval separation for posets, WQO and BQO theory
— have been studied within subsystems of second-order arithmetic (see e.g. [CMSo4; FM14;
Maro4]).

In this chapter we aim to study classical bounding results about order dimension theory
from the point of view of reverse mathematics.

In Section 2.1 we recall classical results from order theory. We also give basic definitions
that we need in the rest of the chapter.

In Section 2.2 we state the bounding theorems we are interested in and we provide
examples to show that these bounds are sharp.

In Section 2.3 and 2.4 we give proofs of the bounding theorems (highlighting which sub-
systems of second order arithmetic are used) and we provide reversals of the statements
studied.

2.1  BASIC RESULTS

Theorem 1.2.2 restricted to countable posets is provable in RCAy. Moreover, the proof is

uniform and so we get the following.

Theorem 2.1.1 (RCAy). For each sequence of posets (Pi,=i)ieN there exists a sequence of lin-

earizations (P, <i)ien-

Proof. Let (-,-): N x N — IN be a computable bijection and for each i € IN fix a listing
(x! )nen of the elements of P;. We define simultaneously for each i a linear order <;
which extends <; and is <; computable. We proceed by stages. Suppose we are at stage
s = (i,m): we want to stipulate the <I; comparabilities of x},. For each (i,n) < s, if there
is (i,n’) < s such that x}, <; x}, and x}, <; x,, then we put x}, <; xI,. Otherwise we put
x}n < x}l. Then for each i each relation <; extends the corresponding <; and for any
X,y € Pi such that x # vy, either x J; y of y <; x. Moreover, <; is still a poset and it is
computable from =; as required. O
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We can also prove that a realization of a poset (Definition 1.2.3) always exists in RCAq
by formalizing an argument of [DM41].

Theorem 2.1.2 (RCAo). For each poset (P, =), there exists a set {<In: n € IN} of linearizations of
(P, =) which realizes it.

Proof. If (P, =) is a chain, then {<} is a realization.

Assume that (P, =) is not a chain and let a,b € P be such that a |b. We extend (P, <)
to another poset (P,=%) in the following way: for each x,y € P we stipulate that x <9 vy if
and only if either x <y or x < a/Ab <y. Notice that such relation exists in RCAy, < C jg
and a <% b.

We claim that (P,=<!) is a poset. Reflexivity and antisymmetry are trivial. To prove
transitivity let x,y,z € P be such that x <% y and y <} z and proceed by cases. If x <y and
y < z the conclusion follows from transitivity of <. The case x <a, b <y,y<aand b=z
cannot occur because it would imply b <y =< a, against the assumption a|b. Suppose that
x <Y,y < aand b < z: by transitivity of < we obtain x < a and thus x jg z by definition.
The case x < a, b <y and y <z is analogous. Reflexivity and antisymmetry are proved
again by cases. We conclude that (P, jg) is a poset that extends (P, <).

By Theorem 2.1.1, for each a,b € P such that a | b, there exists a linearization glg of
(P,jg). It is clear that if x |y then x ﬁ{j y, so that {ﬂg: a,b € P,a| b} realizes (P, =). O

Notice that some technical results that are useful in the following are available in WKL,.
Theorem 2.1.3 (RCAp). The following are equivalent:

(1) WKLo,

(2) every acyclic relation can be extended to a partial order,

(3) for every partial order (P, =) and sets I,F C P such that Vx € IVy € F(y £ x) there exists a
downward closed set B C P such that 1 C B and BNF = 0.

The equivalence of WKLy with (2) was proved in [CMSo4], while the equivalence with
(3) was proved in [FM14].
The statement (2) in Theorem 2.1.3 self-strengthens to its sequential version.

Corollary 2.1.4 (WKLy). If (Ri)ien are acyclic relations on sets (Pi)ieN respectively, then each
Ri can be extended to a partial order.

Proof. Let P and R be the disjoint unions respectively of (P;)ien and (Ri)ien. Then Ris an
acyclic relation on the set P and we can apply (2) of Theorem 2.1.3 to get a partial order
(P, <) which extends R. Each restriction of < to P; is a partial order extending R;. O

15
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We show that for each n € IN there exists a poset of dimension exactly n.

Definition 2.1.5. Let n > 1 and let F,, ={ai,bi : i <n}. Equip F,, with the partial order
< ={(ay,bj):1#j}
bo by bn 2 bn1

ao aj T an-2 an—1
For simplicity, we will refer to this poset by F,.

Theorem 2.1.6 (RCAp). The poset F, has dimension n.

Proof. To prove that dim(F,,) > n it suffices to show that for every linearization < of Fy
there exists at most one k < n such that by < ay. In fact, if by < ay and by, < ay for k #k/,
then

by < ayr Iby Ja by,

and by antisymmetry of < we obtain ax = ayx’ = by = by, a contradiction.
For the converse it suffices to define a realization consisting of exactly n linearizations.
For each i < n let < be the following linearization of F;,

a0 JioDiair Jiaipr JisoJiano Dby

<iap Librog Ji.bipr Dby il 4 b

Each < exists in RCAp by Zg—comprehension. We claim that {Jy,...,<,_1]} realizes F,,. If
x |y we need to find some i such that x #; y. If x = a; and y = ay for j # k it holds that
a;j A ak. If x =bj and y = by for j # k it holds that bj 4y by. If x =b; and y = q; it holds
that b; €y a; for any k #j. Finally, if x = a; and y = bj it holds that a; #4; b;.

We conclude that {y,...,<,,_1} realizes F,, and so dim(F;;) = n. Il

If {<o,...,<m—1} realizes F,, for some m > n then the pair (bj, a;) may belong to more
than one linearization. On the other hand, from the proof of the Theorem 2.1.6, it seems
natural that any realization of F,, consisting of exactly n linearizations is such that the pair

(bi, ai) occurs in exactly one linearization. Indeed this is the case.

Lemma 2.1.7 (RCAy). For each set of linearizations {Jo,...,<n_1} that realizes Fy, and for each

k < n there exists exactly one i <n such that by <; ay.

Proof. If n = 2 the result is trivial so we may assume n > 2. For each k < n, the existence

of 1 is trivial since ay | by.
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To prove uniqueness suppose, without loss of generality, that by,_1 <n_7 an—71 and
bn—1 <n—2 an—1. Then, by the first argument in the proof of Theorem 2.1.6, the set of
restrictions of {Jy,..., In_3} to F_; realizes F,,_1, against Theorem 2.1.6 itself. O

2.2 BOUNDING THEOREMS

Several theorems have been proved about the dimension of posets: for example in [Fis85]
there are several statements that bound the dimension of a poset in terms of other quanti-
ties, such as its width, its height or its cardinality. We are interested in statements that give
an upper bound to the dimension of a poset in terms of the dimension of its subposets,

obtained by removing one or more points:

e DBy: for each poset (P, <) and each xo € P,

dim(P, <) < dim(P \ {xo}, <) + 1.

e DBip: for each poset (P, <) and each set of pairwise incomparable chains C; C P for

i<n

dim(P, <) < dim(P \ U; -, Ci, %) + max{2,n}.

DBy, DBi; and DBiy are proved in [Hir55], while for n > 3 DBi, is a new (to the best of
our knowledge) natural extension of the previous results.

Since these theorems give upper bounds for the dimension of a poset, we focus on the
case of finite dimension.

We show that each DBij, is provable in, and in fact equivalent to, WKL in Section 2.3. In
Section 2.4 we deal with DB,,, showing how to prove it either in WKL, or using 1Z9.

Starting from the posets Fy,, it is fairly easy to construct posets that show that the bounds

provided by DBi, are sharp. In the examples we highlight the crucial comparabilities.

Example 2.2.1. Fix n > 2 and consider F,,, and the chain C ={ay,bn1}. The poset Fr, 12\

C is a copy of F,, 11 plus the relation a,, < by, (it suffices to rename an 41 as an). In the

If <op,...,<n are the n+ 1 linearizations constructed in the proof of Theorem 2.1.6 to

17
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realize F, 1, it is immediate to see that <y, ..., <, 7 suffice to realize F,, ;> \ C. Therefore
dim(Fn42 \ C) < n while dim(F,,+2) =n+ 2 by Theorem 2.1.6. Therefore the bound in
DBiy is sharp.

Example 2.2.2. Consider again F,,;, forn > 2, and let Co ={an41,bn}and C; ={an, b1}
Co and C; are incomparable chains, Fn42 \ (Co U Cy) is exactly F, so that we have
dim(Fn42 \ (Co UCy)) =n and the bound in DBi, is sharp.

We now generalize Example 2.2.2 to DBi, for n > 2. We need to adjust the construction,

as in F,, there are no more than two incomparable chains of the form {aj, bj}.

Example 2.2.3. Fix n > 3. Consider the poset F,, ;> and the n incomparable chains C; ={b;}
fori<n. Let C=
poset after we removed the elements.

Ci: we claim that dim(Fn 42 \ C) =2. In the figure we show the

i<n

bn bn+l

ao toe an—1 an An41
To prove that dim(F, 2 \ C) <2 we explicitly define two linearizations <y and <y:

Ant1 Joap Do ... Joan—1 Jobn Jo an Jo bri,
an <1 an—1<d7...97 a0 <1 byt <y angt <y ba.
It is routine to check that <y and <; realize F,, > \ C.

One may wonder if the requirement in DBi, (n > 2) that the chains are incomparable is
necessary. The following example shows that this is the case. For simplicity, we deal with
the case n =2 though the construction can be adapted to any n

Example 2.2.4. Consider F5 and the chains Co ={ao,b1} and C; ={ay,bs} which are com-
parable since ap <bz and a; <bj. Then Fs5\ (Co U Cy) is F3 with two new comparabilities
between a’s and b’s highlighted in the figure.

by

as

The linearizations
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aj <Jp a3z Jo by Jo ag o bo Jo ba,
as <3 a3 <7 a7 <y bz 9y bg <y by

realize F5 \ (Co U Cy). We conclude that the dimension is exactly 2 and consequently
dim(Fs) =5 £ 4 =dim(Fs \ (Co U Cy)) + 2.

Despite Example 2.2.4, we may still state a bound without the requirement of incompa-

rability of the chains.

e DBcy: for each poset (P,=) and each family of chains C; CP fori<n,

dim(P, <) < dim(P\ U, Ci, =) + 2n.

We show that this bound is sharp. As with Example 2.2.4, for simplicity we deal with
the case n =2.

Example 2.2.5. Consider Fg, Co ={ap,b1} and C; ={az,bz}. Then F¢ \ (Co U Cy) is F4 with
two comparabilities between the a’s and the b’s highlighted in the figure.

b | b, by bs

i a ! | 13 | ag as
The linearizations
as Jp az Jo ay <o by g ag <o bo <o by Jp bs,
asz <7 a7 <7 a3 <1 bs <y a5 <3 by <y b <y by

realize F¢g \ (Co U Cq) so that dim(Fg) =6 =dim(Fg \ (C1 UC3)) +4.

A simple proof of YnDBc, can be obtained by applying repeatedly DBi;. However this
proof cannot be formalized in WKL, and in Section 2.3 we give a direct proof.

2.3 DBi, AnD DBc,

In this section we deal with DBi, and DBc,. We show that for each n, each of these
dimension bounds is equivalent to WKLy. The following notion is the basic tool for proving
these statements.
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Definition 2.3.1. Let (P, =) be a poset and let CO C'CPbe incomparable chains. We say
that a linearization <1 puts C° at the bottom and C' at the top of P if for each x € P, ¢y € C°
and ¢; € C',if x| co and x| ¢7 then co < x < c;j.

Lemma 2.3.2 (WKLy). Let (Pi,=i)ieN be a sequence of partial orders and let (C’i)i@N,Kz be
such that for each i C? and C{ are incomparable chains in Py. There exists a sequence (Pi, <i)ieN
of linearizations of (Pi,=i)ieN such that each <; puts C? at the bottom and Cg at the top of P;.

Proof. For each i € IN define R? and Rg over P; as follows:

xR{y if and only if x [y Ax € CO Ay ¢ C?,
xRy if and only if x |y Ax ¢ C] Ay e CJ.

We claim that each R; = <; U R? U Rg is acyclic. Assume that
X0 Rix1 Ri cee RiXm_1 RiXo.

Since =; is transitive, we may assume that it does not occur twice consecutively. It is
immediate that also each of RY or R! cannot occur twice consecutively. Since the chains
are incomparable we cannot have xiRi] Xit1 R?xwz and xiRz Xi41XiXi12 R? Xir3 as well.

If R! occurs in the cycle, up to renaming its elements, we may assume that xoR!x7 <;
x2... and then R? does not occur. Therefore <; and R! alternate in the cycle and this

entails that m is even. Hence, the cycle has the form
XoRIx1 =i .. RIxm—1 =i %0

For each j < 5+ we have that x2; ¢ Cz while x2541 € Cg. We claim that for each j < 5 —1,
X2j4+1 =i X2j+3. Indeed x2511 =i x2542 and x2j12 | X2j43. Since x2j11,X2j4+3 € Cg it must
be x2j+1 =i x2j+3. Thus x1 <{ X;m—1 =i X0, contradicting xo | x7.

If R! does not occur in the cycle, then R does and an analogous argument leads to a
contradiction, completing the proof of the claim.

By Corollary 2.1.4, which is the step where we use WKLy, and by Theorem 2.1.1 the
relations (Ri)ien can be extended to linear orders (<J;)ien which have the prescribed
properties. O

Notice that we include the case in which one of the chains is empty.
Lemma 2.3.2 can be reversed. The reversal obtained is sharper since we only use a single

partial order.

Theorem 2.3.3 (RCAg). The following are equivalent:
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(1) WKLo,

(2) if (P,=) isa poset and Co,Cy C P are incomparable chains, there exists a linearization (P, <)
of (P, =) that puts Cy at the bottom and Cy at the top of P.

Proof. Lemma 2.3.2 proves that (1) implies (2).
For the converse let f, g be 1-1 functions with disjoint ranges and let P ={z} U{xn, an,bn :
n € IN}J. We define a partial order < on P as follows:

e ai = qj if and only if i <j;
e by Xbjifand onlyifj <4,

* Xn = ay if and only if Jj <i4 11(j)

n;

o bi <X xn if and only if Fj <i+1g(j)

n.

Let Co ={an :n €N} and C; ={b,, : 1 € N} which are incomparable chains. By (2) let <
be a linearization of < that puts Cy at the bottom and C; at the top of P. The set {n:x, <z}
separates ran(f) and ran(g). O

We now deal with the bound DBi, and show that it is provable in WKLy. As we men-
tioned in Section 2.2, we only deal with posets with finite dimension.

Theorem 2.3.4 (WKLy). VnDBij.

Proof. Cases n =0 and n =1 are trivial. Let (P,=<) be a poset, fix n > 1 and a set of
pairwise incomparable chains C; C P for i <n. Let C =J;_,, Ci. Our goal is to prove that
dim(P, <) < dim(P\ C, =) +n.

Let m =dim(P \ C,=<) and fix a set of linearizations {Jy,..., <1} realizing P\ C. We
construct a set of m + n linear orders which realizes P.

For each i <m let X7 ==<U<;. We claim that each <7 is acyclic. Towards a contradiction,
let xo,...,x¢—1 be such that

xo =% %1 =1 .. 21 xe—1 = Xo0-
Since both < and J; are transitive relations we may assume that { is even
X0 X x1 Ji ..o Xxg1 i Xo.

Since < is a relation over P\ C, it follows that for each j < £ x; € P\ C. By the fact that <;
extends < on its domain, we may replace each occurrence of < with <; obtaining a cycle
with respect to <j, a contradiction.

21
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By Corollary 2.1.4 and Theorem 2.1.1 each <} can be extended to a linear order <7.
Next we build n further linearizations to deal with the chains C; for i <n. We apply
Lemma 2.3.2 to the n pairs of chains Cy;;,,Cjj11), for j <n, where [jl, the residue class of

j modulo n. We obtain a sequence of linear orders (<J )j<n, each extending (P, =) and

*
m-+j
such that 97 ; puts Cyj), at the bottom and Cyj 1, at the top of P.

We are left to prove that the set {Jf,..., <} |} realizes (P,=). As we noticed at the
end of Section 1.2 it suffices to prove that for each x,y € P such that x | y, there exists

i< m+ n such that x 4} y. We distinguish some cases:
(1) if x € Cy then <7, ; 4, , which puts C; at the top of P, works;

(2) ify € C; then <7 i which puts C; at the bottom of P, works;

i

(3) if x,y € P\ C then recall that {Jy,...,<y,,_1} realizes P\ C; hence there exists i <n
such that x ﬂi y and consequently <I¥, which extends <J;, works.

Therefore dim(P, <) < dim(P\ C, <) +n. O
Provability of DBi; in WKLy now follows immedjiately.
Corollary 2.3.5 (WKLy). DBij.

Proof. Let (P,=<) be a poset and C C P a chain. Then, applying Theorem 2.3.4 with n =2,
Co=C and C; =0, we have dim(P, <) < dim(P\ C, =) + 2. O

The last bound we are left to prove is DBc,. As WKL has limited induction, we cannot
carry out the straightforward inductive proof applying DBi; (which coincides with DBc;)
repeatedly.

Theorem 2.3.6 (WKLy). YnDBc,,.

Proof. Let (P, <) be a poset. For i <n let C; C P be chains and C=J
prove that dim(P, <) < dim(P\ C, <) + 2n.
Let m =dim(P \ C, <) and fix a set of linearizations {Jy,..., <;m_1} which realizes (P \

Ci. We need to

i<n

C,=). We construct a set of m + 2n linear orders which realizes (P,=).
For each i < m we extend <; to a linearization <} of (P,=<) as we did in Theorem 2.3.4.
We then apply Lemma 2.3.2 to the poset P and to the 2n pairs of chains Ci, 0l and ), C;

*
m-+j

odd) then 7 ; is the linearization of P that puts C i at the bottom (respectively, that puts
C% at the top).

Showing that the set {Jj,..., <5, | ,,, ¢} realizes (P, <) is similar to the analogous proof

for i <n. We obtain linearizations {< }j<2n such that if j < 2n is even (respectively,

in Theorem 2.3.4. g
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Now we deal with the reversals.
Theorem 2.3.7 (RCAp). The following are equivalent:
(1) WKLy,
(2) YnDBI,,
(3) DBiy,
(4) YnDBcy,,
(5) DBiy.

Proof. Theorem 2.3.4 proves that (1) implies (2), while Theorem 2.3.6 shows that (1) implies
(4). (2) implies (3) and (4) implies (5) are obvious (notice that DBi; and DBc; coincide). The
proof of Corollary 2.3.5 shows that (3) implies (5). Therefore we are left to prove that (5)
implies (1).

Let f, g be 1-1 functions with disjoint ranges: we want to show that there exists a set A
such that ran(f) C A and ANran(g) =0. Let

P={x'y':ie N}U{c],d]:j<3,r e N}U{p$,q5 :j <3,s € N
To define a partial order < on P we start with a level function {: P — IN defined by
i if z=x'y};
Uz) =< f(1) if z=cJ,dj;
g(s) ifz=pj,q;.

Notice that RCA( suffices to prove that { exists. Let P, ={z € P : £(z) = n}: we say that Py,
is a level of P. Since f is 1-1, c)T and di/ belong to the same level if and only if r =1/, and
the same holds for pj and qi/. Furthermore we have {(cj) # {(py) for all v, s, j and k.

We define the strict partial order < by setting for each u,v € P:

o if {(u) <{(v) thenu<v,

e if £(u) ={(v) =m then u < v if and only if one of the following alternatives holds

u:xmv:d},f(r) m u:pjs,v:xm,g(s):m
m u=ym,v=dqj,g(s)=m
m

w=p{,v=a5,j#i’ g(s) =m.

u=cj v—dT,,);é) , (1)

23
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To check that (P, =) is a partial order, notice that asymmetry is trivial, while transitivity
is immediate when the elements belong to different levels (because the levels are linearly
ordered by = as the natural numbers) and follows easily in the other case because no level
has chains of length 3.

If m ¢ ran(f) Uran(g) then Py, ={x™,y™} is an antichain. If f(r) = m the level P, is a
copy of F4 where {x™,cj,c},c}} is the set of the a;’s while {y™,dg,d],d}} is the set of the
bi’s (recall the notation of Definition 2.1.5). The figure below illustrates level m.

TR S

Similarly, if g(s) = m the level P, is a copy of F4 where {y™,p3,p3,p5} is the set of the
ai’s while {x™, q§,q3,q5} is the set of the b;’s. The figure below illustrates level m in this

case.

x™ a5 q; q3

PO P P>

Even though the dimension of each level is at most 4, in RCAp we cannot define a set of
four linearizations of < that witnesses dim(P,=<) =4. Indeed, to do so we need to know
whether m € ran(f) (in which case Lemma 2.1.7 implies that three of the linearizations
need to put x™ below y™) or m € ran(g) (in which case three of the linearizations need to
put x™ above y™).

Let C ={c},d},p3, g5 :1,s € N} and notice that it is a chain. We now consider the poset
(P\ C,=). If m e ran(f) or m € ran(g) then Py, \ C has one of the following forms.

We claim that dim(P \ C, <) = 2. First notice that for each m we have that x™,y™ ¢ C
and x™ |y™. Therefore dim(P \ C,=<) > 2. We now exhibit two linearizations <y and <,
that realize (P \ C,<). We define < by:
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e ifu<vthenu<gv,

o x™ Joy™

e for each rif f(r) =m then x™ <p ¢} <Jp djy Jp ¢y Jp d] Joy™

e for each s if g(s) =m then p§ <o p5 <o x™ Joy™ <o q5 <o ;-
In a similar fashion, we define <;:

e ifu<vthenu<v,

o y™ <y x™,

e for each rif f(r) =m then ¢y <7 ¢j <7 y™ <y x™ <y df <y dg,

e for each s if g(s) =m then y™ <7 p§ <7 q§ <1 p3 <1 g5 1 x™

To prove that < and < realize the poset, we need to show that if u|v then either u €y v
or u ¢ v. Since u | v implies £(u) = £(v) there are at most 16 cases, that are easily checked.

(co,c3) €<0,(cq,c0) €1 (p3,P3) <0, (Po,P3) €<
(y™,dg) €<0,(dg,y™) €1 (qd,x™) €0, (x™,q3) €<
(y™ dy) €<, (A7, y™) €< (q7,x™) €0, (x™,q7) €<
(dj,dp) €<o,(dp, d7) €< (g, a7) <o, (q3,q8) €<

(5) implies that dim(P,=<) < dim(P\ C,=<) +2 =4. For this reason we can fix a set
of linearizations {3, <7,<3,<3} which realizes (P,=<). Notice that for each i < 4, the
restriction of < to the level Py, is a linearization of (P, <) and a fortiori the set {JF, <3
, <5, <%} restricted to Py, realizes (P, <). We already noticed that Py, is either an antichain
of two elements or a copy of F4. By Lemma 2.1.7 if m € ran(f) then [{i <4 :y™ <F x™}| =1
while if m € ran(g) then [{i <4:y™ <7 x™}{ =3. If m ¢ ran(f) Uran(g) we only know that
T<I{i<4:y™ <f x™) < 3. If we let

A={m:[{i<4:y™ G xmY =1}
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we have ran(f) C A and A Nran(g) = (), as desired. O

The key point of the construction in Theorem 2.3.7 is that dim(P \ C, <) = 2. Therefore,
when we add back the chain C and apply DBi;, we obtain a set of four linearizations
which realizes P and we can exploit Lemma 2.1.7 to define the separator set A. The same
construction can be used to prove that DBi3 is equivalent to WKL, too.

Corollary 2.3.8 (RCAy). WKLy is equivalent to DBis.

Proof. The forward direction is proved in Theorem 2.3.4.

For the backward direction, given f and g we consider the same poset (P, <) of the proof
of Theorem 2.3.7. Let Cy be the chain called C in that proof and let C; = C; =0 (regarded
as chains). The poset (P \ (Co U Cq UC3), =) coincides with (P \ C,=<) and has dimension 2.
By DBiz we get that dim(P, <) <5 and we can fix a set {Jp, 7, <2, <3, <4} of linearizations
which realizes (P, =<).

If f(r) =m for some 1, then three distinct linearizations have to deal with the incompa-
rabilities cfj | d, ¢ | d] and c} | d} in Py,,. This means that if m € ran(f) then {i <5:y™ <
x™}| < 2. Analogously if m € ran(g) then [{i <5:y™ <f x™}| > 3. Therefore we can define
the separator set A as the set of m € IN such that {i <5:y™ <7 x™}| < 2. O

The idea of Theorem 2.3.7 can be further exploited to obtain a reversal for every DBc,.
Theorem 2.3.9. For each n, RCAq proves the equivalence between DBc, and WKL,.

Proof. Theorem 2.3.6 shows one implication, so we deal with the converse.
If n =1 then DBc; is DBi; and the implication was proved in Theorem 2.3.7. So fix n > 1
and as usual let f,g be 1-1 functions with disjoint ranges. Let

P={x'y':ie N}U{c],d]:j<2n+1,re N}U{p;, ¢} :j <2n+1,5 € N}.

We define the partial order < by a construction similar to the one used in the proof of
Theorem 2.3.7. We define a level function {: P — IN as before and we let P,, ={z € P:{(z) =
m}. If m ¢ ran(f) Uran(g) then Py, is an antichain consisting of the elements x™ and y™.
If m € ran(f) there exists a unique r such that f(r) = m and then Py, is a copy of Fan42
where {xm,cjr :j <2n+ 1} is the set of the a;i’s while {y™, d)T :j <2n+ 1} is the set of the
bi’s. The figure below illustrates a level of this form.
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Similarly, if m € ran(g) there exists a unique s such that g(s) = m and then P, is a copy
of Fo,1 2 where {ym,pjs :j < 2n+ 1} is the set of the a;’s while {x™, q)?‘ 1) <2n+ 1}is the set
of the bi’s. The figure below illustrates a level of this form.

S

90 dzn

For 1 <1< n consider the chain C; ={c};,d%; ,p5:,q5;_7:7.s € NL. Let C=;_, Ci.
If m € ran(f) or m € ran(g) then Py, \ C has one of the following forms.

m T T T

Yy dy T 2n—2 dyn
m T T T

x Co Con-3 Con
m S S S

X do don—2 don
m S S S

Yy Po e Pon—3 Pon—1

We claim that dim(P \ C,=) = 2. First notice that P\ C is not a chain which means that
dim(P \ C,=<) > 2. Hence it suffices to exhibit two linearizations <y and <; that realize
(P\ C,=). We define <y by:

e if z1 <z, then z7 <y 23,
o x™<Joy™,
e for each rif f(r) = m then

x™ <o chn 1 Do...Jocey Jody JocyJod; Jo... o dyy Soy™,

e for each s if g(s) =m then
PO L0+ LoPin1 Jox™ <oy™ <o g5, Jo - <o g5

In a similar fashion, we define <:
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if z1 <z then z7 <7 z3,

ym S]] XTTL/

for each r if f(r) = m then

oSt ich iyt <G xM gy dy, el D dp,

for each s if g(s) =m then
Y™ o Pin_1Do---DoPT <095 DoPs<oqs Lo-.- Do g5, Joy™.

It is easy to verify that <y and <; realize (P \ C,=<).

By DBc, we know that dim(P, <) <2n + 2 and we can fix a set of linearizations {J}:1 <
2n + 2} which realizes (P,=). Notice that for each i < 2n + 2 and each m, the restriction
of <f to Py, is a linearization of P, and a fortiori the set {J}:1 < 2n + 2} restricted to
P realizes P,,. We already noticed that P,, is either an antichain consisting of two
elements or a copy of Fon42. Applying Lemma 2.1.7 as in Theorem 2.3.7, we obtain that
A={m:[i<2n+2:y™ Jf x™}| =1} is the required separator set. O

We still need to show that DBi, for n > 4 implies WKLg. The construction of the proof of
Theorem 2.3.9 cannot be used because in that poset if a chain intersects two or more levels
then it is comparable with every other nonempty chain. We need a crucial modification in
the construction of the poset.

Theorem 2.3.10. For each n, RCAq proves the equivalence between DBi, and WKL,.

Proof. Theorem 2.3.4 shows one implication, so we deal with the converse.

We already proved the reversal for n <4 in Theorem 2.3.7 and Corollary 2.3.8. The proof
we are about to give works for n > 3. As usual let f and g be 1-1 functions with disjoint
ranges. Let

P:{xi,yi:ie]N}U{ch,d]T:j <n,r€]1\T}U{pjs,qjS :j<n,s € N}

and define £: P — IN as in Theorem 2.3.7. As before, we let P,,, be the level of elements z
such that £(z) = m.

For each z1,z; € P we define the partial order < as follows.

e If neither z7 nor z; is a d]T or a qj, then z1 < z; if and only if either £(z7) < {(z3) or

f(r)

z] = c}" and z; =y orzy= pjr and z, =xf(") (this case coincides with what we did

in the previous proofs).
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o If 21 = dJT then z; <z, if and only if z; = d}‘ for some k such that f(r) < f(k) or
z) = q]-S for some s such that f(r) < g(s) (namely, z; is a d}‘ or a q):“‘ for the same j of
z1 and belongs to some higher level). If z; = qj the definition is analogous.

o If z, = d]T then z; < z, if and only if z; is either xf(") or cf for i #j or {(z7) < f(r)
and if z7 isa d} or a ¢ theni=j. If z, = q)-S the definition is analogous, replacing

x™ with y™ and c] with p3.

Each level Py, is either an antichain of two elements or a copy of F,, 1. The difference with
the previous constructions lies in the comparabilities between different levels as shown in
the figure below, where we are assuming that f(r) =1 and g(s) = m. We highlight with a
thick red line some of the comparabilities between different levels that coincide with the
posets in the proofs of Theorem 2.3.7, Corollary 2.3.8 and Theorem 2.3.9. We highlight
with a dashed blue line some of the comparabilities between d{’s and ;’s: notice that
dy A pd even though £(df) < {(p]).

We show that (P,=) is a partial order. Irreflexivity and antisymmetry are trivial. For
transitivity, we pick z; < z; and z; < z3 and we proceed by cases to prove that z; < z3. The
only interesting case is when either d]T or q ]5 occur among z1,z,z3 because otherwise the
relation is the same as in the previous proofs. If z; = dj (the case z1 = qj being analogous)
then by definition also z, and z3 are either d}‘ or q].s and so we immediately get z7 < z3
by the level function. If z; is different from each df,q; and z; = djT (the case z, = qi-“' is
analogous) then z3 must be either d}< for some k such that f(r) < f(k) or q)? for some s
such that f(r) < g(s). On the other hand, it must be 1(z) < f(r) by definition and so again
z1 < z3 by the level function. Finally, if z1,z; are different from d}, q{ and z3 = d]T (the case

z3 = qjS being analogous) then 1(z1) < 1(z2) < f(r). If 1(z2) = f(r) then it must be z; = xf(r)

29
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or z; = c] for some i #j and so 1(z1) < l(z2) while if 1(z) < f(r) then l(z1) < f(r). In both
cases, the conclusion follows by the level function as before. Hence (P, <) is a poset.
For each j <n consider the chain C; = {d}”, q].S :1,s € N}. By definition of < these chains

are incomparable. Let C =J Cj and consider the poset (P\ C,=). If m € ran(f) or

j<n
m € ran(g) then Py, \ C has one of the following forms.

ym XTTL
m T T m S S
X o Ch—1 Y Po Pn—1

It is easy to check that dim(P \ C,=<) =2. By DBi, we have that dim(P,<) <n + 2 and
we can fix a set {dj,..., <}, ;} of n + 2 linearizations which realizes (P,=). If m € ran(f),
then it must be [{i <n +2:y™ <J7 x™}| <2 and analogously, if m € ran(g), then it must
be {i <n+2:y™ Jf x™}| > n. Since we are assuming n > 3, the set of m € IN such that
Hi<m:y™ F x™}| <2 separates ran(f) and ran(g). O

2.4 DBy

We now deal with DB, which was introduced in Section 2.2. We stratify the statement as
follows.

e n-DB: for each poset (P,=<) and each xo € P, if we have that dim(P \ {xo},=X) =n
then dim(P, <) <n+ 1.

Notice that the notation above does make sense only if n > 0. Clearly DB, is the state-
ment Yn(n-DB,).

Let (P,=<) be a poset and I,F C P. We write I < F if for each i € I and each f € F it holds
that 1 < f. An initial interval of (P, =) is a <-downward closed set. An initial interval B C P
that contains I and is disjoint from F is called a separator set for P,I,F. An element b € P
such that Vi € IVf € F(i b <f) is called a separator element for P,I,F. For simplicity we
just say that B is a separator set and b is a separator element without specifying the order
and the sets considered when these are clear from the context. Notice that the definition
of a separator element is TT9.

Lemma 2.4.1 (RCAy). Let (P,<) be a linear order and let 1,F C P such that 1 <F. Then there
exists a separator set for P,1,F.
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Proof. Suppose that there exists a separator elementbc P. If be Fthenlet B={x € P:x < b},
otherwise let B ={x € P:x < b}. Then B exists in RCAy and has the desired properties.
Otherwise, let B ={x € P:3i € [(x < 1)}. Since there is no separator element, then x € B
if and only if Vf € F(x < f). Therefore, B can be defined by A{ comprehension and again
has the required properties. O

Notice that the proof of Lemma 2.4.1 relies on non uniform information: whether or
not a separator element b € P exists. Therefore arbitrarily many applications of Lemma
2.4.1 may not be available in RCAy. We do not know if it is possible to prove Lemma 2.4.1
uniformly. We point out that in Lemma 2.4.4 we prove that I£9 is required to be able to
iterate Lemma 2.4.1 up to an arbitrary n € IN.

Thanks to Lemma 2.4.1 we can prove that each n-DB,, is provable in RCA.
Theorem 2.4.2. For each n >0, RCAg - n-DB,,.

Proof. Let (P,=) be a poset. Let xo € P and let {Jy,...,<n,_1} be a set of linearization of
(P\ {x0}, %) witnessing that dim(P \ {xo}, =) =n.

Let I={x:x e PAx<xp}and F={x:x € PAxp < x} which exist in RCAy and are
respectively downward and upward closed in P. Notice that by transitivity I < F and since
< C g then I <1 F. Define two linearizations ﬁo,ﬁé of (P, =) starting from <y by

<99 {x0} <G P\ ({xo}UT)

P\ ({(xo}UF) < {xo} <{ F

where each segment is ordered by <y. Notice that RCAy proves the existence of each
segment and (using I, F,B and <y as parameters) of the linear orders 518 and 312). It is clear
that ﬂg and ﬂé are linearizations of <. Notice that if y < z then at least one of y Slg z and
y <} z holds.

Next we want to extend each <; for 0 <1< n to a linearization of (P, <). To this end, for
each 0 <1i<n, we apply Lemma 2.4.1 to obtain a <Ji-initial interval B; C X\ {xo} such that
I C B; and B;i NF = (). Then we define the linearization <} of (P, <) which extends <; by

Bi <F {xo} <f P\ ({xo} UB4)

where each segment is ordered by <;.

Finally we claim that the set {§18, < (]), <3,...,<5 )} realizes (P, <). We need to prove that
if z Ay then either y <9 z or y <} z or y <7 z for some 0 <i<n. If y =xo then z¢ I and
y <9 z, while if z=x then y ¢ F and y </ z. If neither y nor z are xo we have y <; z for



32

| DIMENSION OF POSETS

some i < n. If i =0 we already noticed that at least one of y Slg zand y < g) zholds. If i >0
then, since z € B; and y ¢ B; cannot hold, we have y < z.
Hence dim(P, <) < dim(P \ {xo},<) + 1. d

Statement (3) of Theorem 2.1.3 is a stronger version (equivalent to WKLy) of Lemma

2.4.1 and was proved in [FM14]. It leads to a proof of DB, in WKL,.
Theorem 2.4.3. WKLy - DB,.

Proof. Let (P,=) be a poset and let xo € P. Let {Jop,...,<n_1} be a set of linearizations
showing that dim(P \ {x¢}, %) =n. We need to find a set of n + 1 linearizations realizing
(P, =).

Let I={x:xePAx<xo}and F={x:x € P Axp < x} which exist in RCAy. First, we
proceed as in Theorem 2.4.2: we define two linearizations ﬂo,ﬁé of (P,=) starting from
Jo:

I <99 {x0} <9 P\ ({xo}UT)

P\ ({xo}UF) <} {xo} <} F

where each segment is ordered by <p. As before, it is clear that 318 and gl(]) are lineariza-
tions of < and that if y <, z then at least one of y <9 z and y < z holds.

Next, we want to find uniformly for each 0 < i < n a separator set B; for I and F with
respect to each linear order <;: we use Theorem 2.1.3 instead of Lemma 2.4.1. We start
by collecting the linearizations <1,...,<,,_7 in one poset (X, <x). The domain of X is the
disjoint union of n — 1 copies of P\ {xo} while the relation <x is the disjoint union of the
linearizations <; for 0 <i<n. When seen as subsets of the i-th copy of P\ {xo} in X, we call
the sets I and F respectively I; and F;. The disjoint unions [_]I:]] I; and [_]?;]1 F; satisty the
assumption of Theorem 2.1.3. Hence there exists a separator set B for X,|_|{L:_1] Ii,|_|{l:_1] Fi.
Then for each 0 <1< n, we get a separator set B; for P,I;,F; by intersecting B with the
i-th copy of P\ {xo} in X. We define the linearization <} of (P, <) which extend <; as in
Theorem 2.4.2:

By <f {xo} <i P\ ({x0} UBi)

where each segment is ordered by <;.
The proof that the set of linearizations {ﬂg, 51(1), <3,...,<5 ) realizes (P, <) is the same
as in Theorem 2.4.2. O

Notice that in Theorem 2.4.3 we needed WKL, only to prove uniformly the existence of
a separator set for I and F in every linearization: this step allows us to add back the point

X0 to each linearization in the right place.
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Theorem 2.1.3 shows that, for a generic partial order, being able to produce the separator
set is equivalent to WKLy. However, in our case, IZS suffices.

Lemma 2.4.4 (RCAy). The following are equivalent:
(1) 125,

(2) for each m, if (P;,<5)j<n is a finite sequence of linear orders and for each j <mn, I;,F; C P;
are such that 1 <5 Fj, then the set of j < for which P;, 1 and ¥; have a separator element
exists.

Proof. (1) implies (2) because the existence of X is an instance of bounded Zg comprehen-
sion which is equivalent to 1Z9 (Theorem 1.1.10).

For the converse, we show that (2) implies bounded Zg comprehension. Let ¢(j) be a Zg
formula of the form IxVy(j,x,y). For each n, we need to prove that the set {j <n: ¢(j)}
exists. We aim to construct a finite sequence of n linear orders (Pj, <j)j<n, each with
subsets I;,F; to be separated. We perform the construction to satisfy the following: for
each j <n, ¢(j) holds if and only if the linear order (P;,<J;) has a separator element. Then
it is clear that the set X of (2) is the set {j <n.: @(j)}-

Fix j <n. The linear order (Pj,<;) has domain IN, I; ={m € N: m =0 mod 3} and
F;={mcN:m=1 mod 3}. We stipulate that Vi€ ; ym € F; (L<; m), VI m € I; (1 <5 m «
l<m) and VI,m € Fj (1 < m <> m < 1) (where < denotes the standard ordering of IN).
Since I; has no maximum and F; has no minimum, a separator element must belong to
the set Z; ={m € IN: m =2 mod 3}. We also stipulate that Vl € Z;Vm € F; (1 <5 m) and
VimeZj(lgm«l<m)

We design a strategy to define the comparabilities of the elements of I; and Z; in such
a way to ensure that ¢(j) holds if and only if there is a separator element for Pj,I;, F;.
In other words, as long as x appears to witness ¢(j), the strategy keeps 3x + 2 above all
elements of ;. We proceed by stages: at stage s we stipulate (at least) the comparabilities
between each element of Zj and 3s € I;. The strategy keeps parameters xj for all j <n
to mark the current possible existential witness for ¢(j). We start by setting x? =0 for all
j<m.

Stage s. For each j <m if Vy < s(j,x{,y) holds, then we stipulate that Ym > x; (3s <j
3m+2) and let st+1 = x].s. On the other hand, if 3y < Sﬂb(j,xjs,y) holds, then we stipulate
that Vt > s (3x]rg +2 <5 3t) and Vm > xjs(3s <5 3m +2). In this second case, we let ij“ =
x5+ 1.

This completes the construction of the linear orders (Pj, <Jj)j<n.

We are left to prove that for j <mn, ¢(j) holds if and only if the linear order (P, <;) has
a separator element. For the forward direction, fix j < n such that ¢(j) holds. Let X be
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such that Yy (j,x,y) holds. By construction for each s we stipulated that 3s <; 3x + 2. We
conclude that X is a separator element for P;, I;, F;.

Conversely, suppose that for j <n —¢(j) holds. Since Vx3y—(j,x,y) holds, by IZ? we
have that Vx3s(x = xjs). Fix z large enough so that Jy <z—(j,x,y) and Is < z(x = x).s).
Then 3x + 2 <5 3z. Since x was arbitrary, there is no separator element for P;, I, F;. O

Lemma 2.4.4 implies that assuming 1Z9, Lemma 2.4.1 can be applied for an arbitrary
finite number of times. This is because, given a finite sequence of linear orders and of sets
to be separated, I1Z9 is able to recognize when there is a separator element and when not
(which is the non computable information we need). Once we know this, we can use the
proof of Lemma 2.4.1 to produce a separator set for each linear order.

The existence of a separator set for each linear order of a finite sequence of linear orders
follows easily from Theorem 2.1.3 and so is provable in WKLy. To see this, we just collect
all the linear orders of the sequence and all the sets to be separated in a disjoint union
as in the proof of Theorem 2.4.3. Since WKL, and IZ£$ are incomparable, this statement

cannot imply neither I£§ nor WKL.
Theorem 2.4.5. IZ9 - DB,,.

Proof. The proof is essentially the same as in Theorem 2.4.3. Let (P, <) be a poset and let
xo € P. Let {do,...,<In_1} be a set of linearizations showing that dim(P \ {xo}, <) =n. We
need to find a set of n + 1 linearizations which realizes (P,=<).

LetI={x:x e PAx <xo}and F={x:x € P Axp < x} which exist in RCA,. First, we define
two linearizations ﬂg, ﬂ(]) of (P, =) starting from <y as in the proof of Theorem 2.4.2.

Next, by Lemma 2.4.4 the set X of 0 <j <n for which the j-th linearization has a separator
element for I and F exists. Using X we uniformly define, for each 0 <j <n a separator set
for P, I, F with respect to <.

When j ¢ X we let B; ={x € P\ {xo}:3i € I(x <5 i}. Since there is no separator element
for P,I,F with respect to J; then x € B; if and only if Vf € F(x < f) and Bj exists by A?
comprehension.

Now we consider the elements of X: by BIT{ there exists m such that Vj € X3b < mVi €
Ivf € F(i <5 b ;5 f). By bounded ﬂ? comprehension there exists

Y={(,b):j eXAb<mAVielVfeF(i<;b <)

For each j € X let b; be the least b such that (j,b) €Y, so that bj is a separator element for
(P\{x0},<j),LF. If bj € F then let B ={x € P :x < bj}, otherwise let Bj ={x € P:x <; b;}.
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Using Bj, we uniformly define the linearizations ﬁ;* of (P, =) which extend <j as in the
proof of Theorem 2.4.3. Finally, {518, 51(]),51’1‘,. .., <%} realizes (P,=) is proved again as in
the proof of Theorem 2.4.2. O

Theorems 2.4.3 and 2.4.5 together imply that DB, is provable from the disjunction
WKLy V IZS. Results equivalent to this disjunction do exist, but are rare, in the litera-
ture. The only examples known are in [Bel15; FSY93]. In [SY21] a weakening of weak
Ko6nig’s lemma is shown to lie strictly between RCAg and WKL V IZ(Z).

Even though we do not have a complete reversal of DBy, we deal with some special
cases provable in RCAq. It is clear from the proofs of Theorems 2.4.3 and 2.4.5 that to
prove DB, it suffices to produce a separator set for an arbitrarily long finite sequence of
linear orders. The following two lemmas are sufficient and deal with the stronger case of
infinite sequences of linear orders.

Lemma 2.4.6 (RCAp). Let (P,=) be a poset and let I,F C P be such that 1 < F. Suppose there
exists a separator element with respect to < and (P, <;);jen is a sequence of linearizations of (P, =).
Then for every j there exists a separator set with respect to <.

Proof. Each <; extends < which implies that for each i € I and each f € F, i <5 b Jj 1.
Therefore if b € F then for each j € N let B ={x € P:x <; b}, otherwise let B={x € P:x <; b}.
B; is a separator set with respect to ;. 0

Lemma 2.4.7 (RCAy). Let (P, =) be a poset and let 1,F C P be such that for each i € 1 and each
feF, f A1 Suppose that for each x € P\ (I1UF) either there exists i € I such that x < i or there
exists f € F such that £ < x and that (P, <;);jeN is a sequence of linearizations of (P,=). Then for
every j there exists a separator set with respect to <.

Proof. Each <j extends =< which implies that there is no x € P such that for each i € I and
each f e F, i< x <5 f. We let Bj ={x € P\ {xo}:3i € I(x gj i}. Since there is no separator
element for P, I, F with respect to <j then x € B; if and only if Vf € F(x <t f) and Bj exists by
A9 comprehension. O

In view of the previous lemmas, we can restrict to the case where there is no separator
element already in the poset (P,=<) but there are possible candidates for the separator
element that arise when we linearize. Clearly not every b € P is a candidate to be a
separator element in a linearization: b € P is a suitable candidate to be a separator element
in a linearization if and only if Vi € I (b A1) and Vf € F(f A b). We call C the set of suitable
candidates to be a separator element. In our proofs of DB, Cis {b € P: blxo}.

Lemma 2.4.8 (RCAy). If the set of suitable candidates C is finite then for any finite sequence
(P,<j)j<n of linearizations of (P, =) there exists a separator set.



36

| DIMENSION OF POSETS

Proof. Since C is a finite set, the formula 3b € CVi € I;Vf € F; (i <5 b <5 f) is of the form
(Ib < t)p(b) where @(b) is ﬂ?. Then BZ? proves that this formula is equivalent to a ﬂ?
formula (see [DM22, Theorem 6.1.2]). It follows by bounded £9 comprehension that the
set

X={j<n:FbeCVieVfcF({id;bJf)}

exists in RCAp. From here we continue as in the proof of Theorem 2.4.5. 0

The only case left is when the set C of suitable candidates is infinite: in our proofs of

DB, when the set of elements incomparable with x is infinite.
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This chapter is joint work with Damir Dzhafarov and Reed Solomon.

Versions of Ramsey’s theorem have been a consistent source of important principles in
computable combinatorics and reverse mathematics. In recent years, Weihrauch reducibil-
ity and its variants have given new tools and perspectives to study uniformity questions
in these contexts and to make fine distinction between proof methods. The majority of this
work considers subsets of size n > 2 with an emphasis on n = 2. However, even the n =1
cases, or pigeonhole principles, often have subtle connections to uniformity and induction.

The canonical case is Ramsey’s theorem for singletons: every coloring c¢: w — k has an
infinite monochromatic set. From the perspective of reverse mathematics, for fixed k, RT?<
is provable in RCA(, while it was showed in [Hir87] that the full result RT! is equivalent
to the induction scheme BZ9 (see Definition 1.1.8). On the Weihrauch side, non reductions
were found for a variety of reducibilities in [Dor+16; BR1y; HJ16; Pat16; Dzh+17].

Adding some structure, in [CHMog] it was introduced a tree version of RT': every color-
ing c:2<% — k has a monochromatic subset H isomorphic to 2<% as a partial order. In re-
verse mathematics, this principle is denoted TT' and was shown to lie strictly between the
induction schemes BZg and IZg in [CGM1o0] and in [Cho+20]. Interestingly, Kotodziejczyck
has a proof (reproduced in [DSV25]) using results from [Cho+20] and [CGM10] to show
that TT', unlike RT', is not equivalent to any arithmetical statement. A detailed account
of the relationship between the singleton versions of Ramsey’s theorem and the tree theo-
rem in the Weihrauch degrees including a Weihrauch version of Kotodziejczyck’s result is
given in [DSV25].

More generally, a relational structure M (which we identify with its domain for sim-
plicity) is indivisible if for every finite coloring ¢ : M — k of the domain of M, there is a
monochromatic subset H of M such that the induced substructure on H is isomorphic to
M. In this setting, in [Gil25] is considered a variety of Weihrauch problems related to
indivisible structures such as the dense linear order (Q,<) and the random graph R.

There is a significant difference between, on one hand, Ramsey’s theorem for singletons
and the indivisibility of R, and on the other hand, TT! and the indivisibility of (Q, <). For
a coloring c: w — k, there is a color i such that ¢~ '(i) is an infinite monochromatic set.
That is, one of the colors is the desired subset for RT'. Similarly, for ¢ : R — k, one of the
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colors is an isomorphic copy of R, a fact first pointed out in [Heny1]. However, there are
colorings of 2<% and Q such that no full color is isomorphic to 2<% or Q as a partial or

linear order respectively.

Our concern here is with the stronger property that requires the full set of some color
to yield an isomorphic substructure. In the combinatorics literature, colorings are often
replaced with partitions and a relational structure M is said to have the pigeonhole property
if for any finite partition M = Xo U --- U Xk_1, there is an i such that the induced sub-
structure on X; is isomorphic to M. Setting aside induction issues, this definition is often

equivalently stated with partitions into two pieces, i.e. M =X U Xj.

Unfortunately, the term pigeonhole property is frequently used in computability theory
and reverse mathematics for a Ramsey style property that only requires a subset of a color
to induce an isomorphic structure. Therefore, to avoid terminological conflict, we say M
is strongly indivisible if for every partition M = X, U X, the induced substructure on X, or
X3 is isomorphic to M.

Strong indivisibility (under the name pigeonhole property) appears to have been intro-
duced in [Camgy] where it was proved that there are exactly three strongly indivisible
countable graphs: the complete graph K,, the completely disconnected graph K, and the
random graph R. There are similar classifications of the strongly indivisible tournaments,
posets and linear orders in [BCDoo] as well as a study of the connection between Fraisse
limits and strong indivisibility in [BDgg].

Our goal is to examine Cameron’s classification of the strongly indivisible countable

graphs from the point of view of reverse mathematics and computable combinatorics.

In Section 3.1, we give a classical proof of the classification, showing it can be done in
ACA, and pointing out where it uses arithmetical comprehension and induction axioms
beyond I£9.

In Section 3.2, we show that the classification is effective up to computable presentation.
That is, if G is a computable graph not isomorphic to K,, Ky or R, then there is a com-
putable copy H of G and a computable partition H =X U X7 such that neither the induced
graph on Xy nor the induced graph on Xj is even classically isomorphic to G. We show the
move from G to H is necessary to get this strong result by constructing a computable graph
G that is not isomorphic to K, K¢, or R, but for every computable partition G = Xo U X,
the induced subgraph on at least one of Xy or Xj is classically isomorphic to G.

In Section 3.3, we provide a partial result towards showing the classification theorem
holds in the w-model REC. If G is a computable graph that is not isomorphic to K,

Ko or R and for which the set of vertices of finite degree is c.e., then we show there is a
computable partition G = Xp LI X7 such that neither Xy nor X; is computably isomorphic to



G. However, the full question of whether REC satisfies the classification theorem remains
open.

Finally, in Section 3.4, we return to Cameron’s original proof of the classification. The
classical proof of the classification theorem applies LZ% (see Definition 1.1.8) to a graph
G Z R to obtain the smallest size counterexample in G to the extension property that
characterizes the random graph. We show that the existence of a counterexample to the
extension property of minimal size in every non random graph is equivalent to the full
induction scheme LY.

3.1 THE CLASSICAL PROOF

We introduced the basics of graph theory in Section 1.2. We also noticed that in the
language of second order arithmetic we can characterize the random graph R with a
unique sentence that we called @x.

In this section, we give Cameron’s proof classifying the countable strongly indivisible
graphs with an eye towards formalizing it in reverse mathematics. In the context of a
model of a subsystem of second order arithmetic, recall that we let IN denote the first
order part of the model, while w denotes the standard natural numbers.

We begin by showing that RCA, proves that both K, and Ky, are strongly indivisible.
Proposition 3.1.1 (RCAg). K, and K, are strongly indivisible.

Proof. Fix a partition of the vertices N = Xp L Xj. At least one of Xy and Xj is infinite, so

the corresponding subgraph is isomorphic to K, or to K. O

This symmetry between K, and K, with respect to strong indivisibility extends more
generally. For a graph G = (V, E), recall that G denotes the graph obtained by swapping the
edges and non edges, except along the diagonal. Formally, G = (V,E) with E ={(m,n) ¢
E:m #n}. Recall that we frequently abuse notation by equating a graph with its domain.

Proposition 3.1.2 (RCAy). G is strongly indivisible if and only if G is strongly indivisible.

Proof. Let V =X LU Xy be a partition of the vertices, and let H; and H; denote the corre-
sponding subgraphs in G and G. Because a graph isomorphism preserves both edges and
non edges, a bijection f:X; — V is an isomorphism from H; to G if and only if it is an
isomorphism from H; to G. O

We show some important properties of the random graph.

39



40

| STRONG GRAPH INDIVISIBILITY

Proposition 3.1.3 (RCAy). Let R be a random graph.

(1) Let A and B be disjoint finite sets of vertices in R. The subgraph Ga g on Vap =1{x €
R\ (AUB):(Vae A)E(x,a) A\ (Vb e B)~E(x,b)} is a random graph.

(2) R is strongly indivisible.

Proof. For (1), to show Ga g is a random graph, consider disjoint finite sets C,D C Va 5.
Since R is random, there is a node x such that E(x,y) for ally € AU C and —E(x,z) for all
z € BUD. It follows that x € V4 g and that x witnesses the extension axiom for the finite
sets Cand D in Ga .

For (2), fix a partition R = Xo U Xj. Suppose for a contradiction that neither of the
induced subgraphs are random. For i < 2, fix disjoint finite sets A;,B; C X; for which the
extension axiom fails in the induced subgraph. Since R is random, there is an x such that
E(x,a) for all a € Ag UA7 and —E(x,b) for all b € Bo UBj. Let j <2 be such that x € X;
and notice that x witnesses the extension property for the pair A;,B; in Xj, contrary to the
assumption. O

We turn to showing K, Ko and R are the only strongly indivisible countable graphs.
Since every nontrivial partition of a finite graph witnesses that it is not strongly indivisible,
we only need to consider infinite graphs.

Theorem 3.1.4 (Cameron [Camgy]). If G is a countable strongly indivisible graph, then G is
isomorphic to Ky, Ko or R.

Proof. Assume that G is an infinite graph that is not isomorphic to K, Ko or R.

Case 1. Suppose G has isolated vertices. Let Xo ={x € G : x is isolated} and X; =G\
Xo. The induced subgraph on Xy is K|x,|, which is not isomorphic to G by assumption.
If x were an isolated vertex in the induced subgraph X;, then, in fact, x would be an
isolated vertex in G, and hence x € Xy. Therefore, X; has no isolated vertices and so is not
isomorphic to G.

Case 2. Suppose G has universal vertices. This case follows by letting X, be the set of
universal vertices and reasoning as in Case 1.

Case 3. Suppose G has neither isolated nor universal vertices. Since G is not a random
graph, let n be least such that there are disjoint sets A and B for which [A| + |B| =n and
the extension axiom ¢« fails for A and B.

We claim that n > 2. We cannot have n = 0 because G is nonempty, so suppose n = 1. If
A ={a} and B =), then the failure of @« implies a is an isolated vertex, contrary to our
case assumption. On the other hand, if A = () and B ={b}, then the failure of the extension

axiom for A,B means b is a universal vertex, also contrary to our case assumption.
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Since n > 2, we can partition A UB = Uy U U; into nonempty sets Uy and U;. We say a
vertex x is not correctly joined to U; if there is an a € U; N A such that —~E(x,a) or there is a
b € BN U; such that E(x,b). Since the extension axiom does not hold for A and B, every
vertex x is not correctly joined to at least one of Uy or Uj.

Let Xo =Up U{x € G :x &€ Uy A x is not correctly joined to Up} and let X1 = G\ X(. Note
that G = X U Xy, U7 € X, and every node in X; is not correctly joined to U;. By con-
struction, Xo fails to satisfy the extension axiom with A NUy and B N U, while X; fails
to satisfy the extension axiom with A NU; and BN U;. Since Up and U; are nonempty, it
follows that X and X fail to satisfy instances of the extension axiom for which the sum of
the sizes of the witnessing sets is strictly less than n. Therefore, since n was chosen least

for G, neither X nor X; is isomorphic to G. O

On its face, this proof uses axioms outside of RCAq in three places. In Cases 1 and 2,
it uses arithmetical comprehension to form the sets of isolated and universal vertices. In
Case 3, it uses the existence of the least n € IN such that

Jdisjoint A, B (|A| +Bl=n AVx[(3aeA)—E(x,a) V (3b € B) E(x,b)]).

Since the least number axiom schema LZ% is equivalent to 1Z9, which holds in ACA,,
Theorem 3.1.4 is provable in ACAy.

We prove that the existence of the set of isolated or universal vertices is equivalent
to ACAo. Similarly, we also prove that LL9 is equivalent to the least number principle
restricted to formulas of the form above. We give the equivalence with ACA( here because
it is short, but delay the LL9 equivalence until Section 3.4. These equivalences do not give
us lower bounds on the strength of Theorem 3.1.4, but they do tell us that the proof above
cannot be carried out in a system weaker than ACA.

Proposition 3.1.5 (RCAy). The following are equivalent.
(1) ACA,.
(2) for every graph, the set of universal nodes exists.
(3) for every graph, the set of isolated nodes exists.

Proof. The implications from (1) to (2) and from (1) to (3) hold because these sets are
arithmetically definable.
For the implication from (2) to (3), fix a graph G. The set of isolated nodes in G is the

same as the set of universal nodes in G, which exists by (2).

41



42

| STRONG GRAPH INDIVISIBILITY

For the implication from (3) to (1), let f: IN — IN be an arbitrary 1-1 function. It suffices
to show the range of f exists (see Theorem 1.1.6). Define G with V=N and a symmetric
edge between x and y if and only if x =2n, y =2m+ 1 and f(n) = m. The range of f is
definable from the set of isolated nodes in G because an odd vertex 2m + 1 is isolated if
and only if m is not in the range of f. O

3.2 EFFECTIVENESS UP TO PRESENTATION

Our motivating question is whether the classification of strongly indivisible graphs is
provable in RCAy, and in particular, whether it holds in the w-model REC. In the previous
section, we showed one direction holds in RCAp, which translates to REC as follows.

Theorem 3.2.1. Let G be a computable graph that is isomorphic to Ky, Ky or R. For every
computable partition G = Xo U Xy, either Xo or Xy is computably isomorphic to G.

Because the graphs Ky, Ky and R are computably categorical, it does not matter
whether we use “isomorphic” or “computably isomorphic” in the statement of Theorem
3.2.1. However, in general, it is possible for the effectiveness properties to vary across
computable presentations of a graph. We show that Theorem 3.1.4 is effective up to com-
putable presentation in a strong form in which we consider the classical isomorphism
types of the partition pieces.

Theorem 3.2.2. Let G be a computable graph that is not isomorphic to Ky, Ky or R. There is a
computable presentation H of G and a computable partition H = Xo U X1 such that neither Xo nor
Xj is classically isomorphic to G.

To prove Theorem 3.2.2, we use the following theorem and corollary to mimic the clas-
sical proof of Theorem 3.1.4.

Theorem 3.2.3. Every computable graph G has a computable copy in which the set of isolated
vertices is computable.

Corollary 3.2.4. Every computable graph G has a computable copy in which the set of universal
vertices is computable.

Corollary 3.2.4 follows immediately from Theorem 3.2.3 by shifting from G to G. At the
end of the section, we return to a proof of Theorem 3.2.3. For now, we use these results to
prove Theorem 3.2.2.
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Proof of Theorem 3.2.2. We follow the classical proof of Theorem 3.1.4 given above. In Case
1, when G has isolated vertices, we apply Theorem 3.2.3 to get a computable copy H for
which the partition H = X U X7 is computable, where Xy is the set of isolated vertices.
In Case 2, when G has universal vertices, we apply Corollary 3.2.4 to get a computable
copy H for which the partition H = X, L X is computable, where Xy is the set of universal
vertices. In either case, the proof that neither X nor X; is classically isomorphic to G is
the same as in Theorem 3.1.4.

For Case 3, when G has neither isolated nor universal vertices, we run the argument
from Theorem 3.1.4 without changing the presentation of G. The least value n exists in
the standard natural numbers, and the partition pieces Xo and X; are computable because
they are defined with bounded quantifiers. O

Our next goal is to show that the shift of computable presentations in Theorem 3.2.2
is necessary to get a strong effectiveness result that considers the partition pieces up to
classical isomorphism.

Let K%, denote the graph consisting of infinitely many disjoint copies of K, for each
n > 1. We say that a copy of K, inside K%, is finished if it is not a subgraph of a larger
K inside K%,.

There is a nice computable copy H of K% for which there is a computable function
f such that each vertex x sits in a finished copy of K¢(,). There are many computable
partitions H = Xp U X such that neither Xy nor X; is classically isomorphic to K&,. For
example, let X be the set of isolated nodes (i.e. those for which f(x) = 1), or more generally,
let Xo be the set of all nodes for which f(x) =n for any fixed n.

(e ¢]

However, K€,

also has computable copies which are less uniformly constructed. In
the next theorem, we build a computable G = K%, such that every computable partition
G = Xp U Xj has at least one X; classically isomorphic to K.

The isomorphism type of K, has several properties that make it suitable for this con-
struction. Deleting finitely many vertices does not change its isomorphism type, and
neither does adding countably many disjoint copies of finished graphs K, for each n € w.
Moreover, a subgraph of K,, is isomorphic to Ky, for some m < n. Therefore, if K¥ , =
Xo UXj, then each finished component of X is a copy of K, for some m. It follows that
Xj is isomorphic to K€, as long as it contains infinitely many finished copies of K, for
each m, i.e. we do not have to worry about what other finished components X; contains.

Let @, be the e-th computable function. In the proof of the following theorem, it is

convenient to regard each @, as {0, 1}-valued and to use Ky to denote the empty set.

Theorem 3.2.5. There is a computable G = K%, such that for every computable partition G =
Xo U Xy, either Xo or Xy is classically isomorphic to K% ,,.
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Proof. We build G computably in stages with G denoting the graph at the end of stage s.
The set of vertices in G5 will be a finite initial segment of w. We neither add nor delete
edges between vertices in G after stage s.

Let 717 denote the projection function onto the first coordinate. As s goes to infinity, the
values of 71 (s) hit each natural number infinitely often. We use this property to ensure G
is isomorphic to K% ,. At the start of stage s, we add 71 (s) 4+ 1 new vertices and put edges
between them to form a finished copy of K, (s);1. This action ensures G has a subgraph
isomorphic to K¥,. Therefore, as long as each additional finished component in G has
the form K,, for some n, G will be isomorphic to K.

For each index e, we let X§ ={x: ®¢(x) =0} and X§ ={x: Q. (x) =1}. If O is total, these
sets partition G. We list our requirements as follows.

Re : If @, is total, then X§ = K¥, or X{ =K.

To satisfy this requirement, it suffices to ensure that at least one X{ contains infinitely
many finished copies of K;, for each n. We first describe informally our strategy to meet
the requirements R.. Then we give the formal construction.

The Re module keeps three parameters: numbers m§ and m§, and a finite set C¢. Each
parameter will change during the construction. We typically suppress denoting the stage,
but write m{  and C¢ (and later C{ ) when we need to explicitly reference the current
stage s. The numbers m§ and m{ track the finished graphs K, we have seen in X, and
X7 respectively. For each n < m§{, we will already have forced a finished copy of K, ()41
into X; with separate copies when n #n’ and 7ty (n) =m; (n').

The current goal for R, is to create a finished copy of K, (m&)+1 in Xo or Ky (me) 41 in
Xi. To meet this goal, add a new element yo to G5 with no edges, set C® ={yo} and let C¢{
empty for i < 2. Currently, C® is a copy of K; and each Cf is a copy of K. If ®.(yo) halts
at a future stage so, one of the C{ sets becomes a copy of K; and the other remains a copy
of Ko. If Cf =K, (me)+1 for an i < 2, then we have met our goal on the X; side. In this
case, set m{ =m¢{ + 1, empty C€¢, leave m§_; unchanged, and restart the Re module with
the new parameters.

Otherwise, we add a new element y; to Gg,, connect it to yo, and expand C¢ ={yo,y1}
to a copy of K,. If ®.(y7) halts at some later stage s1, one of the C{ sets grows by one
element. If C{ =K, (,)41, then we have met our goal on the X; side, and so we increment
m$, empty C¢, and restart the R module with the new parameters. If we have not met
the goal on either side, add a new vertex y, to Gs,, connect it to yo and y;, expand
C® ={yo,y1,Y2} to a copy of K3, and repeat the process above.
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We cannot cycle through this process infinitely often because when ®.(yy) halts, we
have |C§| + |C§| =k + 1. Therefore, before |C¢| = 711 (m§) + 711 (m§) + 2, one of the C{ sets
must reach |C{| =7 (mf{) + 1, and so satisfies C§ = K, (m&)+1/ meeting our goal on the X;
side.

When we restart the R, module at a stage s, we empty C¢ (i.e. set CS = () and begin
again with C¢ starting a new connected component. After this stage, we never add vertices
to the old component C{_,. Therefore, C{_; is a finished component in G, each Cie, <118
finished in X;, and so we have created a finished copy of K, (me, )+ in X; for the i< 2
such that C{¢_; =Krytme )41

Furthermore, each time we restart the R, module, one of the m{ parameters is incre-
mented. Therefore, if @, is total, the values of at least one m{ go to infinity, causing
711 (mY) to cycle through each number infinitely often. It follows that X; contains infinitely
many finished copies of Ky, for each n > 1 and hence is classically isomorphic to K¥,,.

The formal construction proceeds as follows. At stage o, set Gy = CO ={0}, set m§ =
m§ =0 for all e, and set C¢ ={ for e > 0.

At stage s >0, let k =m1(s) +2+ [{e < s: Q¢ s(maxC®) halts}|, Xs ={xo,---,xk_1} be
the k least unused numbers, and Gs = Gs_1 U Xs. Add edges between x; and x; for
i#j < m(s) to create a finished copy of K., (s)41. Set C° ={x;,(s)41} and leave the
remaining parameters for e > s unchanged.

Consider the indices e < s in order. If @, ;(max C¢) (namely, the computable function @,
on input max C® after s steps) does not halt, leave m{ and C® unchanged and go to e + 1.
If ¢ s(maxC®) halts, then check whether C{ ={z € C®: O, =i} =K, (m)+1 for some
i< 2. If not, set C§ = CZ_; U{x¢} where x; is the least unused number from Xs. Connect
x¢ to each element of C¢_; so that C§{ = K|c¢|. Leave m§ and m§ unchanged and go to
e+ 1. Finally, if Cf =Ky ey, thenset C¢ ={x¢}, m{;=m{  ;+1,mf_;;=m§_;
and gotoe+1.

This completes the formal construction. The details of the verification are essentially
contained in the informal description above as there is no interaction between the require-
ments with different indices. g

We end this section with the proof of Theorem 3.2.3.

Proof of Theorem 3.2.3. Fix a computable graph G and assume without loss of generality
that the set of vertices is w. Suppose the set of isolated nodes is not computable, and
hence there are infinitely many isolated nodes as well as infinitely many non isolated
nodes. Let G denote the subgraph on {0,...,s}.

We build a computable graph H and a A9 isomorphism f: G — H in stages such that the

isolated nodes in H are exactly the even numbers. At stage s, we define an injection fs on
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Gs and let Hy denote the range of f; with edge relation defined by Ey, (n, m) if and only
if Eg,(fg'(n)
make the edge relation on H computable, we ensure that Ey, (n, m) implies Ey, (n, m) for
all t > s such that n,m € Hy.

,f;] (m)). Thus, by definition, fs; will be an isomorphism from G to Hs. To

Again we start by giving the informal idea of the construction. First notice that the
domains of the graphs Hs will not necessarily be monotonic. Suppose x is isolated in G,
so we set fs(x) =2n to map x to an even number in H. If we discover x is not isolated in
Gs+1 by seeing Eg(x,s 4+ 1), then we need to shift f 1(x) to an odd number. We collect
the nodes xp < --- < x¢ that were isolated in G but are connected to s 4 1, and we map
these nodes to the least odd numbers not in H;. Next, we collect the nodes ap < --- < qj
(if any) that remain isolated in G517 and map these elements onto an initial segment of
the even numbers. Since the number of isolated nodes has gone down from G to G471,
at least one even number in Hg is no longer in Hy 1. However, because G has infinitely
many isolated nodes, each even number will eventually be permanently in the range of
the fs maps.

We now give the construction. At stage 0, set fo(0) =0, noting that 0 is isolated in Go.
At stage s + 1, we define f5 1 as follows.

Case 1: s+ 1 is isolated in Gs, 1. Let m be the least even number such that m ¢ Hs.

Define fs1(x) =fs(x) forx <sand fg 1(s+1)=m.

Case 2: s + 1 is not isolated in G, 1 but is not attached to any nodes which are isolated
in Gs. Let k be the least odd number such that k € Hs. Define s, 1(x) = fs(x) for x <s
and fg 1(s+1)=k.

Case 3: s+ 1 is not isolated in Gg;1 and it is attached to at least one node which
is isolated in Gs. Let xp < --- < x¢ denote the nodes which are isolated in G5 but are
connected to s +1in Gg; 1. Let ap <... < aj denote the nodes (if any) which are isolated
in Ggy1. Let kg < -+ < kg1 denote the least odd numbers not in Hg. For x < s+ 1, define

21 if x=aq;

ki if x =x4
fs+1(x) = h . h

ko1 ifx=s+1

fs(x) otherwise

This completes the construction. It is straightforward to check a number of properties
by induction on s. First, each function f; is injective. Second, Hs consists of the union of
an initial segment of the even numbers and an initial segment of the odd numbers. Third,

x is isolated in G if and only if fs(x) is even. Therefore, if n € H; is even, then —Ey (n, m)
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for all m € Hg. Fourth, if m € Hg and m € Hg, 1, then m is even. Fifth, if m is odd and
fs(x) =m, then fy(x) =m forall t > s.

Lemma 3.2.6. For s <tand m,n € Hs N Hy, Ey, (m,n) if and only if Ey, (m,m).

Proof. If m or n is even, then by the third property above, =Ey, (n,m) and —En, (1, m).
Therefore, assume m and n are odd. Fix x,y € G5 with fg(x) =m and fs(y) =n. By the
tifth property, f¢(x) = m and f((y) =n, and so by definition, Ey_(n,m) and Ey, (n, m) are
both equivalent to Eg(x,y). O

Lemma 3.2.7. For each x, there is a stage s such that f¢(x) =fs(x) forall t > s.

Proof. Suppose x is not isolated and let y be the least node such that Eg(x,y). If y < x, then
x is not isolated in G and therefore fy(x) is odd. If x <y, then at stage y the construction
acts in Case 3 and the value f,(x) is odd. In either case, once x is mapped to an odd
number, fs(x) has stabilized.

Suppose x is isolated and so fx(x) is even. For s > x, fsy1(x) # fs(x) only if a node
y < x is isolated in Gy but is connected to s + 1. In this case, fs,1(y) becomes odd and
fs41(x) < fs(x) is a smaller even number. This drop can happen at most finitely often

before reaching a limit value. O
Lemma 3.2.8. For each n, there is an x € G and a stage s such that f¢(x) =n for all t > s.

Proof. Suppose n is odd. Fix s such that G contains at least (n + 1)/2 non isolated nodes.
Since fs maps the non isolated nodes of G5 onto an initial segment of the odd numbers,
there is an x € G such that f4(x) =n. Because n is odd, ft(x) =fs(x) =n for all t > s.
Suppose n is even. Let ap < --- < a,,/» be an initial segment of the isolated nodes in G.
Fix s such that these nodes form an initial segment of the isolated nodes in Gs. For every
t > s, fy maps these nodes onto an initial segment of the even numbers, and therefore,

fi(an,2) =nforall t>s. O

Define H = (w, Ey) with Ex(n, m) holds if and only if Ey, (n,m) holds for the least s
with n,m € Hg. By Lemma 3.2.6, Efy(n, m) holds if and only if Ey, (n, m) holds for some,
or equivalently all, s with n,m € H;. It follows that n is isolated in H if and only if n is
even.

By Lemmas 3.2.7 and 3.2.8, the function f = lim; f is Ag, total and onto w. It is injective
because each f; is injective, so f: w — w is a bijection. To finish the proof, we show that f

is an isomorphism between G and H.

Lemma 3.2.9. f: G — H is an isomorphism.
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Proof. Fix x,y € G and s > max{x,y} such that f(x) = fs(x) and f(y) =fs(y).

Ec(x,y) & Eg,(x,y) & En, (fs(x), fs(y)) < En(f(x),f(y)).

The first equivalence follows from x,y € G, the second follows from the definition of Eyy_,
and the third follows because f(x) = fs(x) and f(y) = fs(y). O

This completes the proof of Theorem 3.2.3. O

3.3 TOWARDS AN ANALYSIS IN REC

Theorem 3.1.4 holds in REC if and only if for every computable graph G not isomorphic
to K, Ko, or R, there is a computable partition G = Xp LI X7 such that neither Xy nor Xy is
computably isomorphic to G. While this full statement remains open, we handle a special
case in this section.

If G has no isolated or universal vertices, then as noted in the proof of Theorem 3.2.2,
there is a computable partition such that neither half is even classically isomorphic to G.
Therefore, to study Theorem 3.1.4 in REC, we can restrict our attention to computable
graphs that have isolated or universal vertices. Moreover, since isolated nodes in G corre-
spond to universal nodes in G, we can apply Proposition 3.1.2 to restrict to computable
graphs that have isolated nodes. It follows that Theorem 3.1.4 holds in REC if and only if
for every computable graph G that has isolated nodes but is not isomorphic to K, there is
a computable partition G = Xo U X; such that neither Xy nor Xj is computably isomorphic
to G. We establish this statement under the additional hypothesis that the set of vertices
of finite degree is computably enumerable.

Theorem 3.3.1. Let G be a computable graph that has isolated vertices but is not isomorphic to
K. If the set of vertices with finite degree is c.e., then there is a computable partition G = Xo U X;
such that neither Xo nor Xy is computably isomorphic to G.

The corollary follows from Theorem 3.3.1 and Proposition 3.1.2.

Corollary 3.3.2. Let G be a computable graph that has universal vertices but is not isomorphic to
K. If the set of vertices with cofinite degree is c.e., then there is a computable partition G = Xo U X
such that neither Xo nor Xy is computably isomorphic to G.

We now give the proof of Theorem 3.3.1.
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Proof of Theorem 3.3.1. Without loss of generality, assume the set of vertices of G is w. If
the set of isolated nodes is computable, then let X, be the set of isolated nodes and X; =
G \ Xp as in the proof of Theorem 3.1.4. In this case, neither Xp nor X is even classically
isomorphic to G. Therefore, assume the set of isolated nodes is not computable and so, in
particular, is infinite.

The construction of the computable partition proceeds in stages with G5 denoting the
subgraph of G on vertices {0,...,s}. At stage s, we determine whether to put s in X or
Xj. Following the usual use conventions, if @, s(x) =y, then x,y <s, so x € G5 and y has
already been placed in either Xp or Xj.

For each e € w, we need the partition to satisfy the following requirement.
Re : @, is not an isomorphism from G to Xy or Xj.

We first describe informally our strategy to meet the requirements R.. Then we give the
formal construction.

The strategy for R, keeps five parameters: numbers i. and x., finite sets D, and S, and
a binary string o.. The parameter i. is defined when ®.(0) converges and is set such that
®.(0) € Xj,, indicating we must work to prevent @, from being an isomorphism onto Xj,.
Unlike the other parameters, i. does not change values once it is defined. Notice that i
may stay undefined: in this case @, is not total and we meet the requirement Re.

The goal is to make @, map an isolated node in G to a non isolated node in X;, or
vice versa. The parameter x. marks the isolated node in G we are currently working with.
As the value of x. grows, we attempt to compute the set of isolated nodes in G, defining
(and later extending) o, to be an initial segment of this computable function. Eventually,
because the set of isolated vertices is not computable, 0. must be wrong about some vertex,
and this incorrect vertex will be a diagonalizing value for ®.. The sets D, and S contain
nodes related to commitments R, makes about putting future vertices into X;_ or X;_;_ as
we try to make specific nodes in X;j, isolated or not.

The construction for a single R, works as follows. Suppose at stage so we define i,
such that ®.(0) € X;,. We set x. to be the least vertex that currently looks isolated in G.
Since Gs, might not contain any isolated vertices, we may need to look at vertices in G
for t > sp to find a vertex that is isolated in G¢. At this point, we know the vertices v < x,
are not isolated in G, but we are unsure whether x. is really isolated or not. We record
this information by defining o, with |oe| =X and o.(v) =0 for v < xe.

We do nothing more until ®.(x.) converges. If it does not converge, we meet R because
®. is not total. Assume D.(x.) =y € X, else we win R, trivially because ®,. would not
be a map onto Xj,. Our goal is to use y to guess whether x. will be isolated in G in such a
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way that if our guess is wrong, R, will be met. Since we are defining Xp and X, we have
some control over whether y will be isolated in Xj,.

We split into three substrategies. First, if y already has a neighbor in X;_, then we know
y is not isolated in X;,. We declare that x. will not be isolated in G by setting o¢(xe) = 0.
If o turns out to be wrong about x., then we win R, because ®@.(x.) =y with x, isolated
in G and y not isolated in Xj,.

Assume y does not currently have a neighbor in X;,. To determine whether to follow
the second or third substrategy, we use the hypothesis that the nodes of finite degree form
a c.e. set. In parallel, we enumerate the vertices of finite degree searching for y, and we
look ahead in G to see if y gains a future neighbor which is not yet promised to be put in
Xo or X7. At least one of these searches must succeed as R (and later, even higher priority
requirements) will only have made finitely many future commitments. The search that
terminates first determines which substrategy we follow.

If we see y enumerated in the set of vertices with finite degree, we promise to put
all of y’s future neighbors into X;_;, to make y isolated in X;,. To keep track of this
commitment, we place y in D.. We declare x. will be isolated by setting o¢(xe) =1. As
long as we keep our promise, if o turns out to be wrong about x., then we win R, because
®. maps a non isolated node x, in G to an isolated node y in Xj,.

If we find a future uncommitted neighbor v of y, we promise to put v into X;_ at stage v
and we mark this commitment by putting v into S.. We declare x. will not be isolated by
setting oe(xe) =0. As long as we keep our promise to put v in X;_, y will not be isolated
in Xj,. Therefore, again, we win R if o, is incorrect about x.

Once we have defined o.(xe), we repeat the process above. We define x, s to be the
next largest number that currently looks isolated, set 0. (v) =0 for x¢ 1 <V < X¢,s, Wait
for ®.(x¢) to converge, and employ the appropriate substrategy to define o, on the new
value of x.. This process cannot repeat infinitely because the set of isolated nodes is not
computable. Therefore, . must be wrong at some stage and we must eventually see a
true diagonalization that satisfies Re.

The strategies for different requirements interact in a standard finite injury way with the
priority determined by the index on Re. If more than one strategy has an opinion about
whether to place the vertex s into X or Xj at stage s, we follow the higher priority strategy
and initialize the lower priority one.

One feature to note is that when x. is defined at stage s, it is currently isolated in G5 (or
possibly in G for some t > s). By the time ®.(x.) converges, x. may not longer be isolated.
However, that does not make any difference for our strategies. We use the definitions of
Xo and X;j to force graph theoretic behavior on the image side with no regard to whether

the vertex x. has remained isolated after the stage at which the parameter is assigned.
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We give the formal construction. A vertex v is claimed by R if v € S¢ or v is connected to
a vertex in D.. When R. is initialized, its parameters ie, xe and o, are undefined and the

sets D, and S. are set to (). Re looks satisfied at stage s if any of the following are true.
(S1) @ (0) diverges.

(S2) Ja#b<s(Pes(a)l=De,s(b)] V(Des(a) € Xo ADe,s(b) € X1)).

(S3) xe is defined but @, s(xe) diverges.

(S4) Ix <s3y € De (Pe,s(x) =y A x is not isolated in Gg).

(S5) 3x < sJy,z(x is isolated in G A\ Q¢ s(x) =y AE(y,z) Az € Se).

At stage 0, initialize all requirements and put 0 into Xo. At stage s > 0, let each R, with
e < s act in order as described in the R, module below. When these requirements are done
acting, check if there is an e < s such that s is claimed by Re. If not, put s into Xy. If so, let
e be the least such index. If s € S¢, put s into X;, and otherwise put s into X;_;,_. Initialize
all R; with 1 > e and end the stage. For the R module, act in the first case below that
applies.

Case 1. Re looks satisfied at s. Do nothing and go to the next requirement.

Case 2. i, is not defined. Since Re does not look satisfied, @, s(0) must converge. By use
conventions, @, s(0) < s, so D, (0) is already in Xp or Xj. Set i, such that ®.(0) € X;, and
go to the next requirement.

Case 3. xe is not defined. In this case, o, is also undefined. Set x. s to be the least vertex
that is isolated in some Gy for t > s. Define o, with |0.| =X and o(v) =0 for all v < xe.
Go to the next requirement.

Case 4. x. is defined. Since x. is defined and R, does not look satisfied, @ s(xe) must

converge. Let ye = @ (xe) and note that ye € Xj,.
(4.1) If ye has a neighbor in X;_, define x¢ s and o, s as described after (4.2).
(4.2) Otherwise, dovetail the enumerations of the finite degree vertices and of the neigh-
bors of y, until one of (4.2.1) or (4.2.2) occurs.
(4.2.1) ye is enumerated as a vertex with finite degree.
(4.2.2) Ye gets a new neighbor that is not protected by a requirement R; with i <e.

If (4.2.1) halts first, put ye into De. If (4.2.2) halts first, put the neighbor into Se. In
either case, define x s and o, s as described below.
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Set x¢ s to be the least vertex v > x. 1 that is isolated in G for some t > s. Define
Oc,s to be an extension of o1 of length x. . If we acted in (4.2.1), set ¢ s(Xes—1) =1,
and if we acted in (4.1) or (4.2.2), set 0¢,s(Xe,s—1) = 0. In either case, set o s(v) =0 for
Xes—1 <V <Xegs-

This completes the construction. We note some properties that are clear by inspection
and that we use implicitly below. First, for any index e and stage s, x¢ is defined if and
only if o, is defined. Second, if y € De, then y has finite degree in G. Moreover, if y is
placed in D, at stage s, then y is isolated in G. Third, at any stage s, each requirement
Ri has claimed only finitely many vertices. Therefore, in (4.2), if y. has infinite degree, Re
will eventually see a vertex connected to y. that is not claimed by any R; with i <e.

Lemma 3.3.3. Consider an index e and a stage s such that o is defined. Let t <s be the last
, let t, >t be the least stage such that
|oe,t,| > V. If v # Xe,t,—1, then v is not isolated in G and o, (v) =0.

stage at which Re was initialized. For a vertex v < |0es

Proof. By the hypotheses, at stage t, — 1, either o, is undefined or |o¢t,—1/ < V. In the
former case, Re acts in Case 3 at t, to define o¢+,, and in the latter case, R acts in Case
4 to extend o¢t, 1 to 0¢,. The arguments in each case are essentially the same, so we
assume that R, acts in Case 4.

The parameter x. ¢, is defined to be the least vertex greater than x.+,—1 that is isolated
in G¢ for some t > t,. Fix the stage t > t, such that x, is isolated in G¢. Since v < x¢ ¢,
was not chosen as the value of the parameter, it follows that v is not isolated in G and

hence is not isolated in G. Furthermore, since x¢ t,—1 <V < Xet,, We set O¢ ¢, (v) =0. O
Lemma 3.3.4. For each e, the following properties hold.

(1) Re is initialized only finitely often.

(2) There is a stage t such that for all s > t, R looks satisfied at s.

Proof. We prove the properties simultaneously by induction on e. First, consider (1). This
property holds trivially for Ry. For e >0, fix a stage t such that for all j < e, R; is never
initialized after t and R; looks satisfied at s for all s > t. By construction, the parameters
for R; do not change after t. Since each y € Dj has finite degree, the sets D; and S; can
cause a vertex s to be put into Xi; or Xj_y only finitely often after stage t. In particular,
each Rj can only initialize R, finitely often and so (1) holds for e.

For (2), fix e. Let t be the last stage at which R, is initialized. Suppose for a contradiction,
there is no stage t as in (2). By (S1)-(S3), we must have that ®.(0) converges, @, is 1-1 and
maps into Xi,, and ®.(xe) converges for each value of the parameter x. after stage t. It

follows that, after stage t, x takes on an infinite sequence of values zo <z <....
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Let sy be the stage at which R acts in Case 4 to set x5, =zk and define 0., with
length x¢ s, . By construction, the sequences o, s, are nested and uniformly computable,
S0 ge = Uy Oe,s,. is @ computable function. To finish the proof, it suffices to show that
ge is the characteristic function for the set of isolated nodes as this provides the desired
contradiction.

By Lemma 3.3.3, if v # zi for all k, then v is not isolated in G and ge(v) = 0,5, (V) =0,
where { is least such that v < z¢. Therefore, g, is correct on all nodes not of the form zj.

The value of ge(zk) is set at stage si1 when Re sees @ s, ,(zi) converge and defines
Oc,siy: (z1) in Case 4. Let yx = @ (zx) and note that by (S2), ye € X;,. At stage si11, Re
either acts in (4.1), puts a neighbor vy of yy into S¢ via (4.2.2), or puts yi into D, via
(4.2.1).

Suppose Re acts in (4.1) or puts v in Se in (4.2.2). By construction, ge(zx) = 0e s, ., (zk) =
0, so we need to show zy is not isolated in G. We claim that yy will not be isolated in

Xi,. If Re acts in (4.1), then yy is already not isolated in Xj,, Otherwise, R, acts in

Sk+1°
(4.2.2), and because R, is not initialized after stage t, the vertex vy remains in S, until it
is placed in X;j, at stage vi making yj not isolated in X;,. It now follows by (Ss5) that zi

must eventually get a neighbor in G.

Finally, suppose R puts yy into D via (4.2.1). By construction, ge(zx) = 0,5, (zx) =1,
so we need to show zy is isolated in G. Since R is not initialized again, yx remains in D,
at all future stages. If zx were to get a neighbor at a future stage s’, then (S4) would be

true at every s > s’, contradicting the assumption that there is no stage t as in (2). O

To complete the proof of Theorem 3.3.1, we show each R, is satisfied. Fix e, let to be the
last stage at which R is initialized and let t > t¢o be the stage from (2) of Lemma 3.3.4. If
Re looks satisfied for all s > t1 because of (S1), (S2) or (S3), then R, is satisfied because @
is either not total, not 1-1, or does not map into a single X;.

Suppose R looks satisfied for all s > t; because of (S4) with @, (x) =y € De. The
vertex y must have been placed in D, after stage to, so Re is not initialized after y enters
De.. It follows that no higher priority requirement overrides the R, commitment to put
y’s neighbors into X7_;,. Therefore, eventually all of y’s (finitely many) neighbors are in
X1-i,, 80 Yy is, in fact, isolated in Xj,. Re is won because x is not isolated in G but y is
isolated in Xj,.

Finally, suppose R looks satisfied because of (S5) with @ ¢, (x) =y and an edge E(y,z)
with z € Se. As in the previous paragraph, Re keeps its commitment to put z into Xj,.
Therefore, R is met because x is isolated in G and y is not isolated in Xj,. O
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3.4 INDUCTION ASPECTS

In the classical proof of Theorem 3.1.4, we used the least number principle LL9 to conclude
that if G is not isomorphic to R, then there is a least n such that there exist finite sets A
and B with |A| + |B| = n for which the extension axiom @« fails. In this section, we show
that the statement asserting the existence of a least such n is equivalent to LZ9.

Let G be a graph. We say that (Xo,X1) is an n-extension pair if Xy and X; are disjoint
subsets of G with [Xo|+ |X1| =n. The extension property holds for (Xo,X1) in G if there is a
vertex v € G that is connected to every vertex in X and to none of the vertices in X;. By
definition, G is a random graph if, for all n, every n-extension pair in G has the extension
property.

Keep in mind two properties of extension pairs during the construction. First, the only
O-extension pair is (§),0)), which is always satisfied if G is nonempty. Therefore, if G Z R,
then the least n for which the extension property fails satisfies n > 1. Second, if G is infinite
and has an m-extension pair (Xo,X;) without the extension property, then for every n > m,
we can form an n-extension pair without the extension property by adding n — m many
vertices from G \ (Xo U X7) to Xo.

Theorem 3.4.1. The following are equivalent over RCA.
(1) LZ9.

(2) For every graph G not isomorphic to R, there is a least n for which there is an n-extension pair
(Xo,X1) that fails to have the extension property.

Proof. (1) implies (2) because the formula with free variable n saying “there is an n-
extension pair that fails to have the extension property” is £9.

For (2) implies (1), fix a £9 formula {(n) of the form IxVyd(n,x,y) such that P(n)
holds for some n. Without loss of generality, we can assume —}(0) by replacing \(n) by
n>0AYP(n—1) if necessary. In addition, it suffices to construct G such that (Im <n)p(m)
holds if and only if for some m < n there is an m-extension pair without the extension
property.

We construct G in stages with Gs denoting the graph at stage s. We start by describing
informally the construction.

For each n > 1, our strategy tries to ensure that \(n) holds if and only if the extension
property fails for a pair (F,()) with [F| =n. The strategy for n keeps two parameters: xy,
and F,,. The parameter x,, is the existential witness we are checking in the formula 1 (n)
and F, is a set of size n. As long as (Vy < s)d(n,xn,y) holds, we prevent any node in G
from connecting to every vertex in F,,. However, if (3y < s)—¢(n,xn,y), then we add new
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nodes to witness the extension property for every n-extension pair in G including (Fy,0).
We increment x,, and add n new elements to form a new set F,.

This strategy succeeds in isolation. If {p(n) holds, then x,, eventually reaches a value for
which Yyd(n,xn,y). We choose a final set F, and prohibit any node from connecting to
all of F,,, making the extension property fail for (Fy,0). On the other hand, if =) (n) holds,
then for every value of x,, there is a stage s such that (3y <s)—=d(n,xn,y), at which point
we increase x,, and add witnesses for all n-extension pairs in Gs. Since each n-extension
pair (Xo,Xj) in G is contained in G for large enough s, the extension property holds for
every n-extension pair.

Unfortunately, these strategies interfere with each other. Consider np < n;. When n;
adds witnesses to realize the extension property for every ni-extension pair, it adds nodes
connected to every point in Fy,. To protect ng, we restrict n from adding a witness for
(Xo,X1) when F; € Xo. When —(no) holds, this restriction has no effect in the limit
because the parameter F,, never settles on a final set. However, when {)(ng) holds, it
prevents nj from realizing the extension property for sets extending the final value of
(Fno,0). It also guarantees there will be n;-extension pairs without the extension property,

a condition that is necessary considering the comments before Theorem 3.4.1.

We give the full construction of G. For each n > 1, we keep parameters x, s € IN and
Fn,s C IN with |Fp ¢
and Fn s ={0,...,n—1} for n >s.

=n defined by primitive recursion on s. We set default values x,,s =0

We define G5 and mg by primitive recursion on s. Gs = (Vs Es) with vertex set Vs =
{0,...,ms} and edge relation Es C Vs x V. The values of m; are strictly increasing and
unbounded, so the vertex set of G is | J, Vs =IN. We maintain Es 1 [Vs =Es so Eg =J, Es
is definable with bounded quantifiers:

Eg(n,m) holds if and only if E,x(n m}(n, m) holds.

For s =0, set mp =0, Vo ={0} and Eop = () with the default parameters x; o =0 and

F1 0 =1{0}. (This is a throwaway stage because the strategies are only for n > 1.)

For s =1, we set the initial parameters for the n =1 strategy. Set x1,; =0, m; =1 (so
V] :{0,1}), E] :Q) and F],1 :{1}.

For s > 1, we determine which n < s need to act. Define
Ye={n:1<n<sand (Fy < s)~d(n,xn s—1,Y)}

If Yo =0, then we do not act for any 1 <n <s. Set mg =ms_7 + s to add s new elements
to G, but keep Es = E_1 so there are no edges between the new vertices and the nodes
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in Gs. Set xss =0 and let F5 s ={ms_7 +1,..., ms} be the set of s many new elements. For
1 <n <s, leave the parameters unchanged: xn,s =xn,s—1 and Fr s =Fpn s_1.

If Y5 # (), then we act for each n € Ys. For n € Y, let k,, be the number of n-extension
pairs (Xo,X7) in Gs_1 such that there isno m <n with m ¢ Y5 and Fp,, s—1 € Xo. We refer
to such a pair as an active n-extension pair.

Set mg =ms 1 +s+) vy, (kn+n). Use the first } .y kn new elements as follows.
Order the active n-extension pairs (Xo,X1) for n € Y5 and, considering these pairs in order,
put edges from the next new element in G to the nodes in Xy (and to no other nodes).
These are the only new edges added to Gs.

Ifné&Ys, keep xn,s =xn,s—1 and Fp s =Fn s—1. If n € Yy, set xn,s to be the least x <'s
such that (Vy < s)$(n,x,y) holds. If there is no such x <'s, then set xn, s =s + 1. Use the
next } .y T elements to define F,, s for n € Ys. Consider these n in order, setting Fy, s to
be the set of the next n many new elements in Gs. Finally, set x5, s =0 and Fs s to be the
set of the remaining s many new elements in Gs. This completes the construction at stage
S.

By 28 induction on s, it follows that for all s and 1 <n <s, Fy, s is a set of size n with
Xn,s < minF, ¢ and there is no z € G5 connected to all the nodes in F, ;. In addition,
Xn,s < Xn,s+1, and for any fixed x such that Yyd(n,x,y) holds, we have x;, s < x.

Suppose P(n) holds. By Lﬂ? (which holds in RCAy), there is a least x such that
Yyd(n,x,y). Since x is chosen least, (Vu < x)3y—¢(n,u,y) holds, and by BZS, there is
a t such that (Vu < x)(Jy < t)~¢(n,u,y). It follows that xn + =x and xn,s = Xn,t = x for
every s > t. Therefore, limg x,, s = x. Moreover, setting F,, = Fy, +, we have F,, s = Fy, for all
s >t and so limg Fy s = F.

Similarly, if —p(n) holds, then the values of x,,s are unbounded as s goes to infinity, as
are the values of the minimum elements of F;, .

To complete the proof, we show that for all n, (3m < n)i(m) holds if and only if there
is an m < n and an m-extension pair (Xo,X1) that fails to have the extension property in
G.

For the forward direction, fix n > 1 such that (3m < n){(m) holds and fix m < n with
Pp(m). By LTTY, fix the least t such that Fm,s =Fm, for all s >t and let F;y = Fy . We show
the extension property fails in G for (Fy,, (). It suffices to show by £§ induction that for all
s > t, there is no node in G connected to all the nodes in F,,.

For s =1t, since t is chosen least, the set F, + # Fi,t—1 consists of m many new elements
added to G none of which are connected to nodes in G;. Therefore, the condition holds
for s =t.

Assume the condition holds for a fixed s > t. A new node v € G, is only connected

to a node in Gs when v is used to witness the extension property for a k-extension pair
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(Xo,X7) with k € Y¢41. In this case, v is only connected to the nodes in Xp. If k < m, then
[Xo| <k, so v cannot be connected to every node in Fr,. If k > m, then by construction, we
have F.,,s Z Xo and hence v is not connected to every node in Fy,.

For the backward direction, assume (Ym < n)—p(m). Fix m < n and an m-extension
pair (Xo,X;) in G. We need to show this pair has the extension property. Fix to such that
Xo0,X1 C G¢,. Suppose Xo = (). In this case, we need to show there is a node v € G which
is not connected to any node in X;. However, at each stage s > 0, we add new elements to
Gs that are not connected to any node in Gs_j.

Suppose Xo # () and let £ be the least element of Xy. Since (Vk < m)—(k), we have
(Vk <m)(vx < O)Fy—d(k,x,y). By Bx9, we can fix t > to such that (Vk < m)(Vx < )(3y <
t)~d(k,x,y). It follows that xy ¢ > € for all k < m, and hence minFy ¢ > { for all k < m. In
particular, for all s >t and k <m, Fx s € Xo. Therefore, for any s >t at which we act for

m, we add an extension witness for the pair (Xo,X1) as required. O
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4 THE BARRIER RAMSEY THEOREM

This chapter is joint work with Alberto Marcone and Antonio Montalbén.

In this section we use uppercase letters X,Y, Z to denote subsets of IN which may be finite
or infinite and we use lowercase letters s,t,u to denote finite subsets of IN. We identify a
subset of IN with the strictly increasing sequence enumerating it.

It is known since Godel’s first incompleteness theorem that there are true statements
about the standard natural numbers that cannot be proved with the axioms of Peano arith-
metic. In [PHyy] Paris and Harrington proved that a certain statement in finite Ramsey
theory, expressible in Peano arithmetic, is not provable in this system. This has been

claimed to be the first “natural” statement independent from Peano arithmetic.

Statement 4.0.1 (Paris-Harrington). Let n,k,m € IN be such that m > n. There exists N € N
such that for each s C IN of cardinality N and each coloring of the n-size subsets of s in k colors,

there exists a set t C s which is homogeneous for the coloring and such that [t| > max(m, mint).

After this seminal result, Ketonen and Solovay [KS81] introduced the notion of «-
largeness for « < €g (recall that €y denotes the first fixed point of the ordinal exponential
function in base w and is the proof theoretic ordinal of Peano arithmetic) and improved
the computation of N in Statement 4.0.1. They originally used these largeness notions to
give an alternative proof of the unprovability of Statement 4.0.1 from Peano Arithmetic
after Paris and Harrington’s original proof.

Given a countable ordinal I' for which we have a system of fundamental sequences (see
Definition 1.3.1), we can define what it means for a finite set of natural numbers to be
o-large for « < T'. Here we mention that typically (though not always, since largeness
depends on the chosen system of fundamental sequences) a set s is n-large (for n € w)
when [s| > n, w-large if [s| > mins, wz-large if it can be partitioned into mins sets, each
entirely preceding the next one and w-large. Notice that « < 3 does not necessarily imply
that every (-large set is also x-large (e.g. {2,5,8} is w-large but not n-large for 3 <n < w).
In this parlance, Paris-Harrington statement asserts the existence of homogeneous w-large
sets for k-colorings of n-large subsets of a N-large set.

More recently, various authors considered statements extending Statement 4.0.1 to large-
ness notions and established some relationships between the various parameters [BKgg;
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BKoz; BKo6; KPWoy; KZog; KY20; DW1o0]. All of these results consider «-largeness no-
tions for o < ep ( except [DW10], which considers o < €,,) and Ramsey-like statements
that restrict the sizes of the tuples being colored to be n for some fixed natural number n.
In this chapter we aim to extend the previous results by studying colorings of all y-size
subsets of some finite set s also when y > w. In [PR82; FNo8§] the infinite Ramsey theorem
has been extended to colorings of the y-size subsets of an infinite set (the homogeneous
set is required to be infinite), while [Clo84] gave a computability-theoretic analysis of the
effective strength of these results.

We introduce a new, more flexible, framework: largeness notions induced by blocks and
barriers (see Definition 1.4.1). Largeness notions induced by blocks generalize largeness
notions induced by systems of fundamental sequences. Moreover, each block has a count-
able ordinal associated to it, its height, which measures the complexity of the block and of

its largeness notion.

Notice also that a system of fundamental sequences is defined on some (typically con-
structive) ordinal I and once we fix the system we can work only with ordinals below T.
On the other hand, we can consider blocks with arbitrary (countable) height.

A useful tool to state results in Ramsey theory is the arrow notation: in Section 4.3 we
adapt this notation to our framework and write B — (A)E where A, B and € are blocks
and k € N. Then, given ordinals « and y, we define Ram(«x)/ as the least B such that for

each A and € of height respectively o and 7y there exists B of height B with B — (A){.

The main result of Chapter 4 is that, for y < o with o infinite, the ordinal Rarn(oc)]g;y =

SUPy N Raurn(cx):(er is

(plogy((x ) w)r

where ¢, denotes a composition of Veblen functions indexed by the ordinals resultin
ogY P Yy g

from a logarithm of y obtained from its Cantor normal form.

We now describe the structure of Chapter 4. In Section 4.1 we introduce largeness
notions induced by systems of fundamental sequences. We also introduce a way to pass
from a system of fundamental sequences on some ordinal ¢ to a system on I'; (which is the
(-th ordinal closed under the binary Veblen function). We also highlight some properties
that the new system satisfies. Then we define largeness notions induced by blocks and
barriers.

In Section 4.2 we show how to produce blocks and barriers starting from a system of
fundamental sequences. Then we show how to obtain what we call a pseudosystem of
fundamental sequences starting from a block or a barrier. In both cases, key properties

of the involved largeness notions are preserved. This chapter motivates our choice of
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working with largeness notions induced by barriers instead of systems of fundamental
sequences.

In Section 4.3 we introduce the notation for Ramsey theory in the framework with blocks
and barriers. We also define the ordinal (plogy(oc- w) that in the following sections we prove
to be Ram (o).

Section 4.4 deals with the barrier pigeonhole principle, which computes Ram(«)]. In
Section 4.5 we show that under our hypothesis @5 (- W) < Ram(a) LJ[J/: the proof em-
ploys the system of fundamental sequences described in Section 4.1. Section 4.6 completes
the proof by showing Ram(«) ]<+wy < Qrogy (o - w): this is obtained for arbitrary countable
ordinals o and vy.

Finally, in Section 4.7 we show that our system of fundamental sequences enjoys a
crucial property used in the proofs of Section 4.5. Since this proof is rather technical we
delay it to the last section.

4.1 LARGENESS NOTIONS...

4.1.1  ..with systems of fundamental sequences

For the rest of Section 4.1.1 we fix a system of fundamental sequences on some ordinal T.

We also assume to work only with ordinals <T.

Definition 4.1.1. Let s € [N]=% and « be an ordinal. We denote by o[s] (or «[so,...,s|s|—1])
the ordinal o[so]...[s|s|—1].
We say that s is «-large if «[s] =0, «-small if x[s] >0 and «-size if s is o-large but

s* = s\ {maxs} is a-small (x-size are often called “exactly «-large” in the literature).

Notice that every «-large set has a x-size initial segment. We denote by [X]* the set of
o-size subsets of X.

We introduce a sum operation for largeness notions. Given ordinals « and 3 and a
set s, we say that s is (o« [3)-large if s can be partitioned in two parts sg < s such that
s =53 Sy, Sp is P-size and s, is a-large. We may also say that s is (x W (3)-size if in
addition s, is o-size.

We start by proving a couple of lemmas about nested systems of fundamental sequences

(see Definition 1.3.3) .

Lemma 4.1.2. Assume the system of fundamental sequences is nested. Let n > 1 and (ni)icw
be a sequence such that n < ny for each i. Then for each ordinal o there exists k € IN such that

an] = aMng,...,nl.
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Proof. Fix o« and notice that the sequence («[no,...,Nml)mew is strictly decreasing until it
reaches 0: let k € IN be largest such that a[no,...,ni] > a[n] (k exists because a[n] < a[nop]).
We claim that «[ng,...,n] = a[n].

For the sake of contradiction suppose that «[n, ..., nx] > a[nl. Then « > a[ny, ..., ny]

a[n] and so by nestedness «[no,...,nk,n] > «[n]. Since n < nyy1 then alng,...,nk41]

0wV Vv

«[n], contradicting the maximality of k.

Lemma 4.1.3. Assume the system is nested. Let s,t € [IN]<% be such that |s| <|t|and 1 <t(i) <
(i) for each i < |s|. Then «[t] < «[s] for each ordinal «.

Proof. We define a strictly increasing function f with dom(f) C{0,...,[t[}, ran(f) C{0,...,[s[}
and o[t [ 1] = «[s | f(1)] whenever f(1) is defined.

We start by setting f(0) = 0 which satisfies x[t [ 0] = 0 = «[s [ f(0)]. Assume now that we
have defined f(i) and that «[t [ i] = «[s [ f(i)]. Since f is strictly increasing we have that
i< f(i) and so t(i) <s(i) <s(f(i)) <...<maxs. By Lemma 4.1.2 we have two cases. Either
there exists j with f(i) <j <|s| such that

so that «[t [1+ 1] = «[s | f(1)][s(f(i )) ..,s()l =«ls [ j+ 1]. In this case we set f(i+ 1) =
j+ 1. Otherwise «[t [ 1+ 1] < «[t [ i][s(f(i)),...,maxs] = «[s]: in this case we let f(i+ 1)
undefined and we get o[t] < o[t [ 1+ 1] < «fs] hence our thesis. If f is defined on the whole
set {0,...,[t|} then it must be |t| = |s| and f(]t]) = |s|. Therefore «[t] = «[s] and the thesis
follows. O

These lemmas show that largeness notions produced by nested systems of fundamental
sequences behave as expected. The proof of the following corollary is immediate from
Lemma 4.1.3.

Corollary 4.1.4. Assume the system is nested and let s C t with mint > 1. If s is «-large for some
ordinal o, then t is a-large too. If s C t and t is o-size, then s is o-small.

Given ordinals 3 < «, it is not always the case that an «-large set is 3-large. To analyze
this situation, Ketonen and Solovay developed in [KS81] the notion of =, and proved
that this relation has nice properties on ordinals below €. This leads to the fact, proven
below, that every a-large set with the minimum larger than a bound depending only on 3
is 3-large.

Definition 4.1.5. Given ordinals « and 3 we write « =, 3 to mean that § = «[n,...,n] for
some number (possibly 0) of n’s.
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Lemma 4.1.6. Assume the system is nested. If 3 < « there exists 1 > 1 such that « =, 3.

Proof. Let ng,...,nx be a sequence such that 3 = x[no,...,nk]: such a sequence exists by
letting no =min{n >1:pB < «nl}and ni11 =min{n >1:pB < «[ny,...,ni,nl}as long as B <
a[no,...,nyl. Since the sequence x[ng,ny,...] is strictly decreasing, we must have at some
finite stage 3 = a[ng,...,nk]. Let n =max{ny,...,ng}. By Lemma 4.1.2, a[no] = «[n,...,n|
for a number of n’s. Iterating, we get = a[no,..., N ] =a[n,..., n], ie. x =n B. O

Definition 4.1.7. Assume the system is nested. To each ordinal « we associate a natural

number || that we call the norm of «:
o =min{n >1:T =, o}

The norm function was introduced in [KS81] as well.
Proposition 4.1.8. Assume the system is nested. If n > |«| then I' =, «.
Proof. Immediate from Lemma 4.1.2. O

The next property of the norm function is crucial: we say that the norm is good because
it satisfies this property.

Proposition 4.1.9. Assume the system is nested. If p < & then 3 < 8[|l

Proof. Let n =|f3|. For some number of n’s we have
'n,...n>=6>TMh,...,nJn] >Tn,...,nln,...,n] =B.

If Tn,...,n] =& then we immediately get 6[n] > 3. On the other hand, if I'n,...,n] > 9,
since we have also & > I'[n,...,n][n], then nestedness implies 6[n] > 'n,...,n|n]>p. O

Corollary 4.1.10. Let o« > 3 and let s be such that mins > |B|. If s is «-large then s is 3-large.

Proof. By Proposition 4.1.9 we have that «[s [ i] > [s [ i] for each i < [s|. In particular it
must be B[s] =0. O

Notice that the norm function depends on the fixed system of fundamental sequences.
For this reason, the goodness is really a property of the system itself. The following
important lemmas hold for any good norm.

Lemma 4.1.11. Assume the system is nested. For any « and 3 and n > B,

xzfp <<= a=n0p.
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Proof. The backward direction is obvious.

The forward direction is proved by transfinite induction. We have from Proposition
4.1.9 that if @ > 3, then «[n] > «[|f]] > 3. Then, by the induction hypothesis, we get
an] =n B. O

The following lemma was proved by Bigorajska and Kotlarski in [BKo6] for their specific

system of fundamental sequences on €y. We show that any nested system satisfies it.

Lemma 4.1.12 (Estimation Lemma). Assume the system is nested. If s is such that s* is x-large
(equivalently, s is (1 «)-large) then there is no strictly decreasing function h: s — o satisfying
[h(si)| < sq forall i <]s|.

Proof. Let (so,...,sn) be the «-size proper prefix of s. Suppose h: s — o is strictly decreas-
ing and satisfies [h(si)| < s; for all i < |s].

We prove by induction on i < n that h(s;) < «lso,...,siJ. When i =0, h(sp) < o and
[h(so)| < sp imply, by Proposition 4.1.9, h(so) < «[[h(so)[] < «[so]. For the successor step, we
have h(si) < «fso, ...,si] by induction hypothesis, and hence h(si ;1) < «[so,...,si] because
h is strictly decreasing. Since we are assuming [h(si1)| < si1, using Proposition 4.1.9 we
have h(si11) < «lsg,...,silllh(si+1)] < «[so,...,si+1].

We thus obtain h(sn) < «fsg,...,sn] =0 and so it cannot be h(s, ;1) < h(sn). O

We now define a way of going from a system of fundamental sequences on an ordinal
¢ to a system of fundamental sequences on the ordinal I'; — the (-th fixed point for the

binary Veblen function.

Definition 4.1.13. Given a system of fundamental sequences on some ordinal ¢ (which we

denote as &[n] for & < (), we define a system of fundamental sequences on Iy as follows:
(1) if o« = xp + w* with op = w*' then a[n] = xg + (W™ [n]),
(2) O[n]=0and 1[n] =0,
(3) If 0 < & < W™ then w*[n] = w*M . n,
(4) If 0 < 8 < @5(0) then @5(0)[n] = @71 (0),
(5) fO< < @g(a) and 0 < & then @g(x)[n] = (pg[fl} (ps(x[n])+1),

6) Tolnl =9, (0)(0), where ¢ is iterated n + 1 times,

T (0).”

(7) HO<E<CthenTgml =, (0)(0), with @ iterated n + 1 times.

T #1110
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Notice that (7) above is where we are explicitly using the system of fundamental se-
quences &[n] on ¢. It is not hard to see that Definition 4.1.13 really yields a system of

fundamental sequences. Moreover, this system is regular (see Definition 1.3.2).

Theorem 4.1.14. If the system of fundamental sequences on ( is nested then the system of funda-

mental sequences on ¢ introduced in Definition 4.1.13 is nested.

We postpone the quite technical proof of Theorem 4.1.14 to Section 4.7. We tacitly
assume from now on that the system of Definition 4.1.13 is nested.

Remark 4.1.15. Notice that our system fails the Bachmann property just by the definition
of the fundamental sequences for successors and powers of w. Let 3o be a limit ordinal
which is not an e-ordinal (namely, not a fixed point of the exponential function in base w
®o) and n > 1. Let yo = Bom] + 1, so that in particular yo < Bo. Let p = wP? and y = we:
then pn] = wPe™ . 1 and y[1] = wPe™ 5o that B >y > Bn] > y[1].

Moreover, notice that without the requirement n > 1 in Definition 1.3.3 our system can-
not be nested. In fact, for v = wwweﬁl ,P=¢€1 and n=1 we have y[1] = w
Bl = w®™ " <y <B.

w€o
w =€p <

4.1.2 ..with blocks and barriers

We described fronts, blocks and barriers in Definition 1.4.1. We also observed that we can
associate to a front B two ordinals: its order type o.t.(B) and its height ht(B). We now
establish the relationship between the order type and the height of a smooth barrier.

Proposition 4.1.16. If B is a smooth barrier then o.t.(B) = w™ if and only if ht(B) = o

Proof. If B is the degenerate front then the equivalence is immediate with o« = 0.

Now assume o.t.(B) = w* with « > 0 and suppose the result holds for all smooth bar-
riers of order type less than w®. Notice that (n) € T(B) for every n. Since B is a smooth
barrier, each B, is a smooth barrier (possibly degenerate) and so o.t.(B ) = w¥" for some
Yn. Since w* =) ., wY™ we have sup{yn +1:n € w}= «. By inductive hypothesis
ht((n)) =ht(By,) =yn and therefore ht(B) =sup{yn +1:n € w} = «.

If instead ht(B) = « then, since B is a smooth barrier, 0.t.(B) = wY for some y. By the

direction already proved, it must be y = «. O

We noticed in Section 1.4 that for each countable ordinal 3 there exists a smooth barrier
of order type wP. By Proposition 4.1.16, for each countable ordinal B there exists a smooth
barrier of height (3.
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A nice property satisfied by each smooth barrier B (but not by every barrier) is that the
height is preserved by restricting to final segments of base(B).

Lemma 4.1.17. If B is a smooth barrier and X is a final segment of base(B) then ht(B) =ht(B |
X).

Proof. 1tis clear that ht(B) > ht(B | X). Let « =ht(B), so that by Proposition 4.1.16 0.t.(B) =
w*. Since B | X is a final segment of B with respect to the lexicographic order we have
0.t.(B | X) = w* and hence ht(B [ X) = «. O

The first part of the following lemma is [Marg4, Lemma 3.2], while the second follows
from the first and Proposition 4.1.16.

Lemma 4.1.18. If A and B are fronts with the same base such that o.t.(A) < o.t.(B) then there
exist s € A and t € B such that s C t.

If A and B are smooth barriers with the same base such that ht(A) < ht(B) then there exist
se€Aandt € B such that s C t.

The next lemma gives an alternative characterization of smoothness (recall Definition
1.4.1).

Lemma 4.1.19. Let B be a block. The following are equivalent:
(1) B is smooth,
(2) forall s,t € T(B) if |s| =[t| and ht(s) < ht(t) then there exists i < |s| such that s(i) < t(i).

Proof. First assume (2). Let s,t € B be such that [s| < [t|. Let uC t be its initial segment
of length |s|. Then ht(u) >0 and so by (2) there exists i < |s| such that s(i) < u(i) = t(i)
meaning that B is smooth.

Now assume that B is smooth and fix s,t € T(B) of the same length and such that
ht(s) < ht(t). We proceed by induction on ht(s). If ht(s) =0 then ht(t) >0 and so s € B
and t € T(B)\ B. Let u e B be an extension of t. Then |s| = [t| < |[u| and so by (1) there
exists i < [s| such that s(i) < u(i) =t(i). Suppose now that ht(s) = « > 0. Let n > max(sUt)
be such that ht(t™(n)) > «. Then ht(s™(n)) < a < ht(t"(n)). By inductive hypothesis
there exists i < [s™(n)| such that s~ (n)(i) <t~ (n)(i). Notice that it must be i < |s| because
s~ (n)(ls|) =n=t"(n)(|s|). Therefore s(i) < t(i). O

We now define largeness notions starting from fronts. In Section 4.2 we show that
these are reasonable generalizations of the classical largeness notions based on systems of
fundamental sequences.
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Definition 4.1.20. If B is a front, we say that t € [base(B)]<% is B-large if there exists s € B
such that s C t, B-small if there exists s € B such that t T s, and B-size if t € B.

If B is the degenerate front then all finite sets are B-large and the only B-size setis t = ().
If B = [IN]* then the B-large sets are exactly the finite sets of cardinality at least k. If B is
the Schreier barrier then B-large means w-large in the classical (Paris-Harrington®) sense.

Notice that in the context of largeness notions with smooth barriers, the & operation (see
Definition 1.4.3) plays essentially the same role as the W operation we defined for largeness
notions associated to systems of fundamental sequences in Subsection 4.1.1.

When we consider barriers, we immediately obtain the analogue of Corollary 4.1.4.

Corollary g4.1.21. If B is a barrier, s C t and s is B-large, then t is B-large too. If s C t and t is
B-size, then s is B-small.

Given a front B we can write ht(B) in Cantor normal form as wfo 4 ...+ wPn-1, Tt is
however not always the case, even assuming smoothness of B, that we can decompose B
as the sum of smooth barriers B; of height wPi for i < n. It is therefore natural to give the

following definition.

Definition 4.1.22. Let B be a smooth barrier of height (written in Cantor normal form)
who 4.+ wPn1 We say that B is decomposable if there exist smooth barriers By, ..., Bn_1
with ht(B;) = wPt such that B =By @ ... B,,_1. The ordered sequence of barriers
Bo,...,Bn_1 is called a decomposition of B. We abbreviate smooth decomposable barrier
with SD-barrier.

Notice that a smooth barrier with indecomposable height is already a decomposition of
itself.

We now describe how to extend the elements of a smooth barrier to obtain a SD-barrier
with the same base and height. This requires working with the terms of the Cantor normal
form of the height one by one. Recall that if wP1 is the last term in the Cantor normal
form of ht(B) (which has more than one term) then we can write ht(B) = o + wP' with
Bo = whr.

Definition 4.1.23. Let B be a non degenerate front with ht(B) = o + wP1 where By = wh1.
The Lower Part of B is

By ={t e T(B):htg(t) < Bo Ahts(t*) > Bo}.

1see Statement 4.0.1.
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Let
To= |J T(B)U{(n):nebase(B)\ | J base(By)}.

teB, teB,

The Upper Part of B is the set By of leaves of To.

We remark that {(n) : n € base(B) \Ute% base(B¢)} is included in the definition of Ty
just to ensure base(B) = base(B).

Lemma 4.1.24. Let B be a smooth barrier with ht(B) = Bo + wP1 where By >=> wP'. Then By
and By are smooth barriers with the same base as B, ht(By) = Bo, ht(B1) = wP1 and each element
of Bo @ By extends some element of B.

Proof. 1t is clear that B is prefix free. For each n € base(B), (n) € T(B;) since (n)* = ()
and htg (()) = Bo + wP1 > Bo. Thus base(B;) = base(B).

Let X C base(B) be infinite and let s € B be such that s C X. Let u C s be longest such
that htg (1) < Bo. Notice that u # () and hence u € B;. Thus B is a block.

Before proving the smoothness of B1 we show that for each s € T(B)

0 if ht'B(S) < Bo

htz (s) =hts(s) =~ o = .
htg(s) —Bo if htg(s) > Bo

Notice that in the second case the Cantor normal form of htg (s) starts with 3¢ and so we
are simply removing those terms. We proceed by induction on htz (s). If htz, (s) =0 then
s € By and htg(s) < Bo so that htg(s) ~ o =0. If htz (s) >0 then s € T(B1)\ By and

htz (s)= sup (ht@(s’\(n))—i-])
n€base(B)

= sup (htg(s"(n))=Po+1)
nebase(B)

= sup (htg(s™(n))+1-=po)
nebase(B)

= sup (htg(s™(n))+1)=Bo
n€base(B)

=htg(s) =~ Bo,

where we are using the above observation about htg (s) =~ f3o.

In particular we have ht(Bq) = htg (()) =hts({)) = Bo = whr.

To prove the smoothness of B; we show (2) of Lemma 4.1.19. Let s,t € T(By) be such
that |s| =|t| and htgl (s) < htg1 (t). We claim that ht3 (s) < htg (t). Towards a contradiction,
suppose that htg(s) > htg(t). If htg(t) > o then both Cantor normal forms start with
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Bo. When we perform —{3¢p we simply remove those terms and get htgl (s) > htgl (t), a
contradiction. If htg(s) > o > htg(t) or Bo > htg(s) then htgl (t) =0 and so ht§1 (s) >
htE (t), a contradiction. Therefore htg(s) <htg(t). By smoothness of B and Lemma 4.1.19,
there exists i < [s| such that s(i) < t(i) and so B is smooth.

We already noticed that base(B,) = base(B). We now show that By is a block. Recall
that for each t € T(B), B¢ is a smooth barrier of height hts(t) and base either IN or
base(B) \ {0,...,maxt}. Notice that Ut€§] T(B,) is infinite since there exists s € By \ B
and so for each n € base(B) with n > maxs, (n) € T(Bs). Let X C base(By) be infinite. If
(minX) ¢ U5, T(Bt) then we are done as (minX) € By. Otherwise, for each t € By with
maxt < minX, X C base(B¢). For each such t, there exists a prefix s; € B¢ of X. Since there
are only finitely many such t, the longest st belongs to By. We conclude that By is a block
with the same base as B.

Next we prove that By is smooth. Let s,t € By with [s| < [t]. If s(0) < t(0) we are done, so
assume that t(0) < s(0). Since [t| > 1 there exists u € B; such that t € B,,. Since t(0) < s(0)
we know that s C base(B,,). Notice that s must be B,,-large since s € By and B, C T(By).
Therefore there exists s’ C s such that s’ € B,, and by smoothness of B,, we obtain that
there exists i < |s’| such that s(i) =s’(1) < t(i) as required.

Our next goal is to show that ht(Bo) = Bo. Let t € T(B) be such that htz(t) = o
and notice that t € B;. Therefore ht(By) > ht(B¢) = fo. Now let n € base(By). If
né¢ Ute% base(B¢) then ht§0(<n)) =0 < Bo. Otherwise there are finitely many t € B,

with (n) € T(B¢). Call A the smooth barrier consisting of the LI-union of By for these t’s.

Then T(A) C T(By) and htg ((n)) =hta((n)) = maxthts, ((n)):t € Br An) eT(B)}< Bo
by Remark 1.4.4 and definition of B;. This implies that ht(Bo) < Po.

We are left to prove that each element of By & B; extends some element of B. Let
t"s€Bo® B withte B; and s € By. Towards a contradiction, suppose thatt™s € T(B)\ B
and let s’ be such that s C s’ and t"s’ € B. Then s’ € B; and so some extension of s’
belongs to By. Since we are assuming s € By, this contradicts that By is a block. O

Notice that in general it is not the case that Bo @ By =B as there can be t;,t> € By and
s1 C sz such that s € By, and s, € By,.

Example 4.1.25. Let B be a smooth barrier with base IN of height w + 1 such that (0) € B
and for each s € B if mins > 0 then [s| > 1. Then by definition the Lower Part B has height
1 and must be the smooth barrier 1 of singletons on base IN. In particular (0) € B;. The
Upper Part By clearly contains sequences with positive minimum. Then (0) ¢ Bo & B1.

Corollary 4.1.26. If B is a smooth barrier, then there exists a SD-barrier B’ such that base(B) =
base(B’), ht(B) =ht(B’) and B C T(B').
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Proof. We proceed by induction on the number of terms in the Cantor normal form of
ht(B). If there is only one term the result is trivial.

Suppose that the Cantor normal form of ht(B) has at least two terms. By Lemma 4.1.24,
the Cantor normal form of ht(By) has one less term than the one of ht(B). Therefore, by
inductive hypothesis, there exists a SD-barrier @é with the same base and same height
as By and such that By C T(@é). It is clear that B C T(Bo @ B1) C T(@é @ B1) and that
@é @ B is a SD-barrier as required. O

Notice that by Lemma 1.4.2 and by Corollary 4.1.26, starting from a front B we can
always produce a SD-barrier B’ such that base(B) = base(B’), ht(B) =ht(B’) and B C
T(B').

Notice that the only SD-barriers of height n are of the form [base(B)|™. Hence, up to
isomorphism, there is only one such a SD-barrier.

Recall that there exist smooth barriers of arbitrary countable height. Let 3 > 0 be a
countable ordinal with Cantor normal form wPo 4 ...+ wPr. For each i < n fix a smooth
barrier B; of height wPt and assume that for each i < n base(B; 1) is a final segment of
base(B;). Hence by Remark 1.4.4 Bo @ ... By, is a SD-barrier of height 3. Therefore there
exist SD-barriers of arbitrary countable height.

Let o and 3 be ordinals such that « is strictly less than the first term in the Cantor
normal form of (3. Fix smooth barriers A of height o and B of height 3. Then A @ B is
a smooth barrier of height o« + 3 = 3 which is not isomorphic to B. It follows that for
each ordinal § > w there are infinitely many non isomorphic smooth barriers of height f3.

Therefore there are infinitely many non isomorphic SD-barriers of any infinite height.

4.2 BRIDGES BETWEEN SYSTEMS AND BARRIERS

In this section we show that given a system of fundamental sequences, we can build fronts
which yield the same largeness notions. Moreover, if the system is nested and regular, we
get SD-barriers. Next we show the converse, namely that given a front we can produce
something very similar to a system of fundamental sequences. Again, if the front is a
SD-barrier, the induced system satisfies weaker versions of nestedness and regularity.

For the rest of this section, fix a system of fundamental sequences on some ordinal I’
and an infinite set M C IN with minM > 12. If o < T, let B* = [M]* be the set of a-size
subsets of M.

2the restriction to natural numbers larger than 1 mirrors our definition of nestedness.
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Theorem 4.2.1. For each o < T, B* is a front. Moreover, if the system is nested every B is a
smooth barrier.

Proof. We first need to check the three properties of Definition 1.4.1. If &« =0 then B is
easily seen to be the degenerate front, so suppose « > 0.

(1) Letne M and nyg,...,nx_1 € M so that a[n,ng,...,nk_1] =0but &[n,ng,...,n_2] >
0. Then (n,ny,...,nx_1) is a-size. Hence (n,ng,...,nx_1) € B* and n € base(B%),
so base(B*) = M.

(2) Let X C M be infinite and let j be least such that «[Xo, ..., Xj] =0. Then (X, ..., Xj) €
B* and (Xo,...,X;) C X.

(3) Lets,t € B> and suppose for sake of contradiction s T t. Then s C t* and so it follows
that «[t*] < «fs] =0, which contradicts the fact that t is x-size.

Assume the system of fundamental sequences is nested. Since a smooth block is au-
tomatically a barrier it suffices to prove smoothness. Let s,t € B* be such that [s| < [t].
Towards a contradiction assume that for each i <|s|, t(i) < s(i). Since the system of funda-
mental sequences is nested and mint > 1, s and t* satisfy the hypothesis of Lemma 4.1.3.
Therefore we have that «[t*] < «s] = 0, which contradicts the fact that t is «-size. We
conclude that B* is a smooth barrier. O

The next lemmas provide properties that B* inherits from the fixed system of funda-
mental sequences.

Lemma 4.2.2. Ift € T(B%) then htgo«(t) = «[t].

Proof. We proceed by induction on htga(t). If htp«(t) =0 then t € B*, t is «-size by
definition and so «[t] =0. If htg«(t) >0 then t € T(B*)\ B* and

htp«(t) = sup (htg«(t™(n)) + 1)
nemMm

= sup («x[t"(n)] + 1)
nemMm

= sup («[tin]+1)=«ft]. O
nem

Corollary 4.2.3. ht(B%) = a.

Lemma 4.2.4. For each t € T(B%), s € B if and only if maxt < mins and s € Bhts=(t),
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Proof. 1f s € BY then maxt < mins and t™s € B* by definition. It follows that 0 = x[t"s] =
«[t][s] and by Lemma 4.2.2 htg«(t)[s] = 0. In other words, s is htg«(t)-large. Since t”s is
«-size, no prefix of s can be htz«(t)-large which means that s € Bhtz=(t),

Conversely, let s € BMs*(t) with maxt < mins (so that t”s does make sense). Then,
again by Lemma 4.2.2, «[t”s] = «[t][s] =htg«(t)[s] =0 and so s € BY. O

Lemma 4.2.5. Assume the system of fundamental sequences is nested and regular. Let « = 3o +
whT where Bo == wP1. Ift™s € BX then the following are equivalent:

(1) htge(t) = Bo,
(2) tis wPi-size,
(3) s is Bo-size.

Proof. Assuming (1), by Lemma 4.2.4 s € BM3*(t) which means that s is po-size, so that
we have (3). If (2) fails then either a proper subset or a proper superset of s is 3¢-size,
contradicting (3). Finally, assuming (2), by Lemma 4.2.2 and regularity of the system of

fundamental sequences
htge (t) = alt] = (Bo + wP)[t] = Bo + (WP [t]) = Bo,

that is (1). d

Theorem 4.2.6. Assume the system of fundamental sequences is nested and regular. Then B* is a
SD-barrier.

Proof. Theorem 4.2.1 yields that B* is a smooth barrier, so we only need to prove that
regularity of the system implies decomposability of the barrier. Let wPo + ... + wPn be the
Cantor normal form of «. It is easy to check that regularity of the system of fundamental
sequences implies B> = BY™ g ... B, hence the thesis. O

Next we show how we can obtain fundamental sequences starting from a barrier. We

recall that if B is smooth then each B, is smooth.

Lemma 4.2.7. Let B be a smooth barrier and ht(B) = «. Then an] =ht(By,) is a fundamental
sequence for .

Proof. If the sequence is non decreasing there exist n < m with a[m] < «[n], i.e. ht(Bn,) <
ht(By ). Let B], be the restriction of B,, to base(B,,), which is a smooth barrier with the
same height as B,, by Lemma 4.1.17. By Lemma 4.1.18 there exist s € By, and t € B}, such
that s C t. The sequences (m)~s and (n)"t belong to B and contradict its smoothness.
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Moreover
sup{an] +1:n € w} =supfht(Bn)+1:n € w}=ht(B) = «.

Therefore «[n] is a fundamental sequence for «. O

Recall that if T is a well-founded tree then for each § < ht(T) there exists s € T such that
htr(s) = . Using this and the fact that if B is a smooth barrier then By is a smooth barrier

for each s € T(B), we obtain fundamental sequences for every 3 < ht(B). More precisely,
for each s € T(B) \ B let B2 = htg(s) = ht(Bs): then we define3

[5'8B BS ~(m) where m = min{k € base(B) : k > max(maxs + 1,n)}.

Analogously to what we do with systems of fundamental sequences, if s € B then we
stipulate that B2 m] = 0 for each n. We will often just write B¢ instead of B¥ when the
barrier B is clear from the context. Notice that the fundamental sequence for (35 depends
not only on the ordinal 35 but also on the specific s € T(B): in fact it is easy to provide
examples of barriers B such that for some s #t € T(B) we have 35 = 3¢ but Bs[n] # B¢[n]
for some n. Therefore we do not have a system of fundamental sequences in the sense of
Subsection 1.3.

It is clear that we cannot expect nestedness in the strong sense i.e. that for every s,t €
T(B) and n > 1 it does not hold

Bs > Pt > Psnl > Pen]

(it is easy to build a counterexample). However, it is immediate to check that the following
pseudonestedness holds: for each s,t € T(B) with s C t and each n > t(|s|) we have [n] >
B

SD-barriers enjoy the following version of regularity.

Lemma 4.2.8. Let B be a SD-barrier of height wPo + ...+ wPn. Let B=Bo@...® By be
a decomposition and let C =By @ ... ® Bn_1 so that B = C & By, where ht(By) = wPr and
v =ht(C) => wPn. Then, for each m, B%[m] =v+ B%;"[m].

Proof. Notice that we just need to prove the statement when m € base(B) =base(B,). For
each s € B, we have hti(s) =y. Therefore for each t € T(B,,) it holds that htg(t) =
Y +htg, (t). It follows that B3} [m] =hts ((m)) = +hts, ((m)) =y + B " [m]. O

3the definition is a bit involved because we need to define B [n] even when n ¢ base(B).
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4.3 RAMSEY THEOREM FOR BARRIERS

By a k-coloring of a set X we mean a function c: X — {0,...,k—T1}. Typically X consists of
subsets of some finite set s. A homogeneous set for c is a set t C s for which there exists
i < k (the color of t) such that c colors all subsets of t which belong to X with color i.
The arrow notation was introduced by Erdos and Rado in [ER53]. For each m,n, k,N € N
with m > n we write
N — (m)y

to mean that for each s € [IN]™ and each k-coloring of [s]™ there is a homogeneous subset
of s of cardinality m.

We adapt the arrow notation to our framework. If € is a front let us denote by [s]® the
collection of all C-size subsets of s.

Definition 4.3.1. Let k € N and let A, B and € be fronts where base(B) =base(A) is a final
segment of base(C). We write
B — (A)F

to mean that for each (1 ®B)-size s and each k-coloring of [s]¢, there exists a homogeneous
(C @ A)-size subset of s.

We remark that we ask that the homogeneous set is (C @ .A)-size instead of just A-size to
be sure that there are actually C-size sets to be colored. We want to avoid the case in which
the set is trivially homogeneous just because it does not have C-size subsets. Similarly the
use of (1®B)-size sets makes the statements and the arguments more natural.

As usual in Ramsey theory, the following asymmetric definition is useful.

Definition 4.3.2. Let k € N and let Ay,...,Ax_1, B and C be fronts where base(B) =
(i~ base(A;) and each base(A;) is a final segment of base(C). We write

B— (Ao,..., Ar_1)%

to mean that for each (1 ®B)-size s and each k-coloring of [s]¢, there exists a homogeneous
(C @ Ay)-size subset of s of color i for some i < k.

If A and C are fronts such that base(A) is a final segment of base(C), we say that a k-
coloring c: [s]® — k is bad (relative to € and A) if it does not contain a homogeneous (€ &
A)-size set. More generally, if Ay,...,Ax_1 are fronts such that each of base(A;) is a final
segment of base(C), we say that a k-coloring c: [s]® — k is bad (relative to C, Ao, ..., Ax_1)
if it does not contain a homogeneous (C & A;)-size set of color i for any i < k.
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Lemma 4.3.3. Let k € N and let Ao,...,Ax—_1,C be fronts such that each of base(A;) is a final
segment of base(C). Then every infinite Y C ();_\ base(Ai) has an initial segment sy such that
for each coloring c: [sy]® — k there exists a homogeneous (€ & A;)-size subset of sy of color i for

some 1 < k.

Proof. Nash-Williams proved in [Nas65] that each k-coloring c of [Y]€ has an infinite ho-
mogeneous set. This is essentially the clopen Ramsey theorem [GP73]. A standard com-

pactness argument now completes the proof. O

Notice that in the previous lemma, if at least one between A and C is a block, then sy
cannot be ().
We can now obtain what we call the barrier Ramsey theorem*, which allows us to

introduce the Ramsey ordinals in our framework.

Theorem 4.3.4 (Barrier Ramsey theorem). Let k € IN and let A and C be SD-barriers such that
base(A) is a final segment of base(C). Then there exists a SD-barrier B with base(B) =base(A)
such that B — (A)Y.

Proof. If A is the degenerate front then B = C works. If C is the degenerate front then B =A
works. Assume that neither A nor C is the degenerate front. In the notation of Lemma
4.3.3, let Ay = A for each i < k and consider

Y ={s € [base(A)]~? : s = sy for some infinite Y C base(A)}.

Then B’ ={s € Y:VtC s(t € Y)}is a block with the same base as A and satisfies B’ — (A)E.
By Lemma 1.4.2 and Corollary 4.1.26 starting from the block B’ we can build a SD-barrier
B with base(B) = base(B’) and ht(B) = ht(B’) such that each element of B is B’-large.
Therefore B is a SD-barrier with the same base as A that satisfies B — (A)S. O

We aim to relate ht(B) for B satisfying Theorem 4.3.4 to ht(A) and ht(C).

Definition 4.3.5. For k € N and countable ordinals « and vy, let Ram(x); be the least
ordinal B such that for all SD-barriers A and € with ht(A) = «, ht(C) =y and base(A) a
final segment of base(C), there exists a SD-barrier B with ht(B) = 3 and base(B) =base(A)
such that B — (A)E. Moreover

Ram(«)Y,, = sup Ram(«);.

keN

Again, we extend our definition to the asymmetric case.

4beware that the terminology barrier Ramsey theorem is used in [Car+24] for a different statement.
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Definition 4.3.6. For k € IN and countable ordinals o, ..., xx_1,v, let Ram(«xp, ..., xx_1)
be the least ordinal  such that for all SD-barriers Ay, ..., Ar_1,C with ht(A;) = o, ht(€)
v and each base(A;) a final segment of base(C), there exists a SD-barrier B with ht(B) =f3
and base(B) =(;_, base(A;) such that B — (Ao,..., Ax_1 )E. Moreover

| &=

Ram(«xo,...,0—1)%, = supRam(wxp,..., o0 1)} .
kelN
Before stating our main theorem, we need to introduce a logarithm function related to
the Veblen hierarchy.

Definition 4.3.7. Lety = w® +...+ w®" be an ordinal written in Cantor normal form. We
define the function @js, as the composition @5, 0...0 @5,. Moreover let @jo50 be the
identity function.

Ferndndez-Duque and Joosten introduced and studied the concept of hyperations of
normal functions in [FJ13]. Our logarithm operator is the particular case of the hyperation
of ordinal exponentiation in base w, as noticed in [FJ13, Corollary 4.10]°.

We are now ready to state the main result of the paper.

Theorem 4.3.8 (Main theorem). For any countable ordinals « and -y such that y < x and « > w
T+y

we have Ram (o) < = @Plogy (o - w).

The appearance of 1+ vy in the above statement allows us to avoid using different for-
mulas in the finite and infinite case. The hypothesis that « is infinite is necessary: indeed,
when o (and hence ) is finite, the finite Ramsey theorem always yields Ram(«) Y = w.
Finally, notice that we do not get sharp Ramsey ordinals for a fixed number k of colors.

This is not surprising, as sharp Ramsey ordinals are known only in very few finite cases.

4.4 THE BARRIER PIGEONHOLE PRINCIPLE

We start by studying the Barrier Pigeonhole Principle and proving the case y =0 of The-
orem 4.3.8. We use # and x< to indicate respectively the natural (or Hessenberg) ordinal
sum and product. The following observation about # is useful.

Proposition 4.4.1. Let ccand (3 be ordinals such that o« =sup_ n on and B =sup, n Bn- Then

x# B =max (sup,, o (otn # B),sup, cpy(x# Bn)).

5we thank Fedor Pakhomov for pointing us to [FJ13].
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Definition 4.4.2. Let Ay,...,Ax_1 be fronts and Y a set such that each base(A;) is a final
segment of Y and let X =();_, base(A;). Then we define

T(B) ={s € [XI=® : s has a bad k-coloring relative to 1, A, ..., Ax_1}.

Let B be the set of leaves of T(B) (justifying the name of the initial set).
We sometimes write T(B(Ap,...Ax—_1)) and B(Ayp,...Ax_1) to highlight the dependence
on the fronts Ao, ..., Ax_1.

Lemma 4.4.3. Let Ay, ..., Aw_1 be smooth barriers and Y a set such that each base(A;) is a final
segment of Y. Then B = B(Ay,...Ax—_1) of Definition 4.4.2 is a smooth barrier.

Proof. By Lemma 4.3.3 T(B) is a well founded tree and hence B is a front with base X =
(i~ base(Ai). We only need to prove that B is smooth. Towards a contradiction, let s,t €
B with [s| < [t| be such that t(i) < s(i) for all i <|s| and let m > max(s Ut). Each k-coloring
of either s~ (m) or t~(m) has a homogeneous (1 ®.A;)-size subset of color i for some i < k.
Let c: t — k be a bad k-coloring and let ¢: s~ (m) — k be defined as ¢(s™(m)(j)) = c(t(j))
for all j < [s|+ 1 < [t]. There exists a homogeneous (1 ®.A;,)-size set v for ¢ of color ip < k.
Extend c to t™ (m) by setting c(m) =1ip. Then the setvi ={n €t~ (m) :c(n) =io}is (1 A4, )-
size and |[v¢| > |vs| + 1. For each £ < |vg|, either vs(£) = s(j) for some j < |s| and v¢({) = t(j)
or vg(f) =m and v ({) = t(Is|). Therefore for each £ < |vs|, v¢(£) < vs(£), contradicting the
smoothness of the barrier 1 ®A;,. O

Lemma 4.4.4. Let Ay, ..., A1 be smooth barriers and Y a set such that each base(A;) is a final
segment of Y. Then
ht(B(Ag,...,Ax—1)) =ht(Ag) #... #ht(Ax_1).

Proof. Denote ht(A;) by «i, B(Ap,...,Ax—1) by B and base(B) by X. We proceed by in-
duction on the finite tuples of ordinals (o, ..., xx—1) using the well founded partial order
defined by

(’Yo,...,‘Y(gf]) < (50,...,5g/_]) iff £ < 4V (QZQ//\V1< Eyi < 51).

If (0o, ..., 00—1) =(0,...,0) then every A; is the degenerate front and so B(Ay,...,Ax_1)
is the degenerate front. Hence ht(B(Ay,...,Ax—1)) =0 as required.

If for some i < k we have o; =0 (that is, A; is the degenerate front) then each sin-
gleton is (1@®A;)-size and this means that a bad k-coloring does not use color i. Hence
B(Ao,...,Ak—1) =B(Ao,..., Ai—1,Ai41,...,Ax—1) and we can use the induction hypothe-

S1S.
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If for every i < k we have «; > 0 then we first show that for each n € X

= JTBAo s (A Ar 1)),
j<k

Let s € T(By) namely (n)"s € T(B(Ay,...,Ax—1)). There exists a bad k-coloring c of (n)"s.
If c(n) =j then (n)"{m € s:c(m)=j}belongs to T(A;) and so s € T(B(Ay,..., (Aj)n,...,Ax_1)).
Conversely, let s € T(B(Ao,...,(Aj)n,..., Ax—1)) for some j < k. There exists a bad k-
coloring ¢ of s and in particular the set (n)~{m € s:c(m) = j} belongs to T(A;). Recall
that the base of B(Ay,...,(Aj)n,...,Ax—1) is X\{0,...,n}. Therefore (n)"s € [X]=% and
(n)"s € T(B) which means that s € T(By).

It follows that for each n € X

BT‘L = |_| B(AOI"‘/(Aj)nI"'/Ak—1)'
j<k

We are now ready to compute ht(B). For each n € X

ht (( (|_|Bflo, o AR 1))

j<k
= max(ht(B(.Ao,. cey (‘A])TL/ v Ara ))

j<k
where the last equality follows by Remark 1.4.4. By inductive hypothesis htg((n)) =

maxj (oo #... #ht((A;j)n) #...# . _1). Hence, using commutativity of the natural sum
and Proposition 4.4.1, we obtain

ht(B) = sup (max (oo #... #ht((A;)n) #... #04c_1) +1)
nex J<k

=xo#...#01. U

Theorem 4.4.5. For all countable ordinals xy, ..., %1
Ram(op,..., 01 )]L = #.. . Ho_1.

Proof. The unique SD-barrier of height 1 is the singleton barrier 1 and we may assume its
base is IN. Let Ay, ..., Ax_1 be SD-barriers such that each base(A;) is a final segment of IN
and with height respectively xo,...,xx—1. Let B be the set B(Ay,...,Ax_1) of Definition
4.4.2. By Lemma 4.4.3 B is a smooth barrier with base X =[";_y base(A;) and by definition
B — (Ag,..., A1 )]IL. Moreover, by Lemma 4.4.4, ht(B) = xo #... # ax_1. By Corollary



4.5 THE LOWER BOUND |

4.1.26 there exists a SD-barrier with same base and same height as B and such that all of
its elements are B-large. Such SD-barrier shows that Ram(«xo, ..., 01 )L <oo#...#o_1.

For the converse inequality fix SD-barriers Ay, ..., Ax_1 with base(Ai) =IN and ht(A;) =
oi. We need to prove that if D is a SD-barrier such that base(D) =IN and ht(D) < x¢ #
. #oy_1, then D » (ﬂo,---,Akq)l. Thus we need to find s € D and n € N with n >
maxs such that s™(n) has a bad k-coloring. By Lemma 4.1.18 there are s € D and t €
B(Ao,...,Ax—1) such that s C t. By definition of B(Ay,...,Ax_1), t has a bad k-coloring
and its restriction to s (t(|s|)) is a bad k-coloring. O

Corollary 4.4.6 (Barrier Pigeonhole Principle). Ram (o)} = o xx k and therefore Ram(e)] , =

o w.
Proof. For the first part apply Theorem 4.4.5 to the case oo =... = o1 = . For the second
part it suffices to notice that sup, n(x x< k) = o+ w. O

4.5 THE LOWER BOUND

In this section we establish the lower bound for Theorem 4.3.8, i.e.
1
Rarn(oc)<+wy > (Plogy(cx ’ w)

To prove this we use the nested and regular system of fundamental sequences on I'; intro-
duced in Definition 4.1.13, and the largeness notions associated to this system.

We stress that, unlike the upper bound that we prove in Section 4.6, the lower bound is
obtained for the supremum over k € IN of ordinal Ramsey numbers for k-colorings rather
than for fixed values of k.

The next theorem is the main result of the section.

Theorem 4.5.1. Let k >0, vy < x <T¢, & > w and p < @iog (¢ xx k). There exists an infinite
set M such that for each s € [M]"®* there is a coloring c: [s]' ™Y — k + 3 with no homogeneous

((1+v) W ot)-size subsets.

We now show how Theorem 4.5.1 yields our lower bound. Fix y < a <T; and v <
Plogy (0t xx w) < T ordinals. Pick k € N and p an ordinal such that v < p < @og (¢ < k).
Apply Theorem 4.5.1 to k,v, x, i1 to get an infinite set M (we may assume min M > 1). Now
let A=M]% C=[M]"tY and D = [M]'¥H. By Theorem 4.2.6 A, € and D are SD-barrier.
Let B be any SD-barrier of height v with base(B) = M. Since ht(B) =v <1+ p=ht(D),
by Lemma 4.1.18 there are s € B and t € D such that s C t. Then s~ (t(|s|)) inherits a bad
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coloring of its (14 v)-size sets with k + 3 colors from t and from the fact that t € D. This
means that B -» (A)E +3 and, since B is a generic SD-barrier of height v with base(B) =
base(A), we conclude.

Therefore we only need to prove Theorem 4.5.1. For the rest of the section, fix «, v,
and k as in the statement of the theorem. We point out that the strategy we adopt for
the lower bound is close to the proof strategy of [LN92] to establish lower bounds on the
Paris-Harrington principle using colorings based on comparisons of ordinal terms.

We need to introduce some machinery. We start defining a coloring on tuples of ordinals
and the first step is to define the overline function.

Definition 4.5.2. Given ordinals 3 >, let 3,5 be the largest exponent in the Cantor normal
form of 3 which differs from the corresponding term in the Cantor normal form of o. That
is, if the Cantor normal forms are

B:(,UBO—F...-F(UBL—F(,UBH] _|_'”+wf3n
§=wbPot . Fwbg i 4wt

and P11 > 8141, then B,8 =PBi41. If B <5, we let 3,5 =0.

We now need to climb the Veblen hierarchy and for that we introduce the so called
peeling functions, which are length preserving functions on finite sequences of ordinals.
We denote finite sequences of ordinals with upper case letters from the beginning of the
alphabet. We reserve as usual lower case letters from the second half of the alphabet for
finite sequences of numbers.

We also introduce the concept of the collection of subterms of an ordinal. To do that we
use the notion of multiset, i.e. a set in which elements can occur multiple (though finitely
many) times. Recall that if A and B are multisets then A + B is the multiset where each

element has multiplicity the sum of its multiplicities in A and B.

Definition 4.5.3. We recursively define the multiset Sub(f3) of subterms of an ordinal {3 as
follows.

e If =0, let Sub(p) ={0}.
o If B=qp,(B1) with 37 <3, let Sub(p) ={B}+ Sub(f3).

o If B=whPo ...+ whr withn>0and By >... > Bn, let Sub(B) ={B}+ Sub(wPko) +
...+ Sub(wPnr),



4.5 THE LOWER BOUND |

Definition 4.5.4. We define functions ps : ON=“ — ON=% by induction on & as follows.
Let po be the identity function, and let

f” (BO/B1/-"161) = (BOIB]IB]IBZI"'IBK!O)’

For ordinals of the form p + w?® with p => w?®, we let

Po+wd =Pws ©Pp-

3

On infinite ordinals of the form w?®, we first define

Pows(A) = lim pp(A).

p—w?

We prove in Lemma 4.5.5 below that for each ordinal v < p and each i < |A], Pp(A) €
Sub(p~(A)). Therefore, p,(A) is coordinate wise non increasing as a function of p, and
the limit above exists. Furthermore, we see in Lemma 4.5.5 that each ordinal in the tuple
P-ws(A) is either 0 or a fixed point of @5 for every &’ < § and thus belongs to the image
of 5. Then we define p s (A) by “peeling off”one application of @5 from each nonzero
entry in p_ s (A). In other words

Pows(A) =@y 0Pows(A)

where we are applying @; ' to each nonzero entry of p_ s (A).

We write ps(A) (without the bar) for the first element of ps(A).

Notice that to be consistent with the terminology we may actually say that p; peels off
one application of . This is appropriate since p1 =P 0.

Lemma 4.5.5. The following properties of the peeling functions hold.
(1) For every p and v < p we have that p,(A)(i) € Sub(p~ (A)(i)) for each i < |A].
(2) Each entry of p_ s (A) is either 0 or a fixed point of @s: for every &’ < 3.

(3) If A(1) < @s(B) for all i < |Al, then for all i < |A| such that P s(A)(1) > 0 we have
Pws (A1) < B.

(4) If A(i) < @rogs(B) for all 1 < |A|, then for all i < |A| such that ps(A)(i) > 0 we have
Ps(A)(1) < B.

The conclusions of (3) and (4) are stated as implications to include the case 3 =0.
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Proof. We prove (1) by induction on p. For p =0 the statement is trivial, while for p =1
it suffices to notice that p; outputs for each entry either 0 or the exponent of one of its
Cantor normal form terms, which is a subterm of the corresponding entry of A =po(A).

When p = w?, we know by inductive hypothesis that for each v < p < w?®, each entry of
Pu(A) is a subterm of the corresponding entry of p(A). Hence the limit p_ s (A) is well
defined, and each of its entries is a subterm of the corresponding entry of p-(A) for each
v < w®. By definition of p s we peel off one application of @5 from each nonzero entry of
P-ws(A). It follows that each entry of p s (A) is a subterm of the corresponding entry of
P—ws(A) and so it is also a subterm of the corresponding entry of - (A) for each v < w?®
as required.

Finally, consider an ordinal of the form p = pu+ w?® for u 3> w® >1and let v < p+ w®. In
this case P4 s (A) =P s (Pr(A)) by definition. If v < then by inductive hypothesis each
entry of . (A) is a subterm of the corresponding entry of p(A). Then since w® < p+wd
again by inductive hypothesis we know that each entry of ps(p.(A)) is a subterm of
the corresponding entry of p,(A). We are left with the case p < v < u+ w® which means
that v =+ o for some o such that u>> o and 0 < 0 < w®. Then p(A) =Po(Pu(A)) by
definition. Since 0 < w® < pu+ w® by inductive hypothesis we know that each entry of
Pws (Pu(A)) is a subterm of the corresponding entry of (P (A)).

For (2) we first claim that p_s(A) is a fixed point of p s for all ' < 6. Let p < w?®
such that each entry in p_,s(A) has stabilized at p,(A) (p exists by (1)) and pick p’ with
p < p’ < w?® such that p’ > w?®'. Then, we have that

Pt (Pt (A)) = Pros (B (A)) = Py o (A) = P (A).

This completes the proof of the claim.

Considering the case §’ = 0 we see that p_s(A) is a fixed point of p;, and this can
happen only if the Cantor normal form of each entry of the ordinals in p_ s (A) contains
only one term and that term is either 0 or a fixed point of the exponential function ¢.
Considering larger ', we see that no entry of p_s(A) can be of the form @5/ () with
B < @s/(B), as otherwise that last application of @5/ would have been peeled off at some
previous stage. To see this notice that for each n, w® -n < w® and each time you reach
P’y in the recursive definition of the peeling functions, at least n applications of @5
are peeled off. Therefore, before stage w® there will be no more applications of ¢§. All
the entries that did not go all the way down to 0 must then be fixed points of @5/ for all

b’ < b and part (2) is proved.
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Part (3) follows from the second, as the only non zero ordinals smaller than ¢5(f3) that
are invariant under the operations @5 for all 5’ < b are those of the form ¢s(B’) for some
B’ < B. Therefore, if p_ s (A)(1) = @s(B’), then p s (A)(1) =B’ < B.

Part (4) is obtained by iterating the third one. O

An important observation about the peeling functions is that each entry of ps(A) does
not depend on the previous entries of the finite sequence A. In other words ps(A~) =
(Ps(A))” and ps(A ™) = (ps(A))~ ™ where A~ denotes the finite sequence A without its
first element, and A~ (1) = (A=)~

Before defining the coloring promised before Definition 4.5.2, we still need two ingre-
dients. First fix a coloring d : & x k — k such that for each i < k the preimage d~'(i)
has order type «. For each i <k let 7r; : d~'(i) —» o be the order isomorphism. Second,
given a tuple A of ordinals below @og+ (o X< k), if py(A) < py(A7), let Ca <y be the
least ordinal C such that p¢(A) < p¢(A7). As pc(A™) is the second entry of p.(A), we
have p¢,+1(A) =0. If py(A) >py (A7) then (o does not exist and in this case we have
0 <py(A) < xx<k by Lemma 4.5.5.

Definition 4.5.6. Let ¢ be the following (k + 3)-coloring of the finite tuples of ordinals
below @jogy (o %< k):

e if (5 does not exist, let c(A) = d(py(A)) <Kk,

e if {5 and (5- both exist and {5 > (5, let ¢c(A) =k,

e if (o and (o~ both exist and {5 = (a—, let c(A) =k +1,

o If (5 exists and either (5~ does not or {a < {a—, let c(A) =k + 2.

The strategy to prove Theorem 4.5.1 consists in defining a coloring ¢ on numbers starting
from the coloring c on ordinals and show that homogeneous sets for ¢ induce descending
sequences in some ordinal, which depends on the color of the homogeneous set. A ho-
mogeneous set of color i < k induces a descending sequence in o. A homogeneous set of
color k induces a descending sequence in vy + 1. A homogeneous set of color either k + 1
or k + 2 induces a descending sequence of subterms of the first element of the sequence.
This imposes a limit on how large the homogeneous sets can be.

Recall that we fixed an ordinal k< @ogy (x < k) and that our final goal is to define an
infinite set M such that each s € [M]"¥* has a bad coloring on its (14 v)-size sets with k+3
colors. The set M is a rapidly increasing sequence of natural numbers where the norm
function (see Definition 4.1.7) behaves in a particular way. For that we need to define a

new norm.
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Before defining the new norm, we define a function that assigns to each ordinal T <
(plogy(oc x< k), a finite set of ordinals S(t) that contains all the ordinals which may be
equal to Ca for some tuple of ordinals A with A(0) =T.

Definition 4.5.7. We recursively define the set S(t) as follows.
e If t=0,let S(T) ={0}.
o If T=5(0), let S(t) ={0,1,w?}.
o Ift=¢s(0) withO< o<1, let S(t)={0,11U{w® +&:&eS(0)NE>OL

e Ift=w +...+w withn>0and op > ... > on, let S(1) ={0,1}US(w°°)U...U
S(wOn).

Lemma 4.5.8. Let T < @logy (o x< k). Then for each finite tuple of ordinals A C @1og (o x< k)
with A(0) =T, if Ca exists then (a € S(T).

Proof. Recall that (A is the least { <y such that p;(A™) > p¢(A). Because of the minimality
of Ca, we have that if (5 >0 then p-¢, (A) >p-¢, (A7), where in the case when v is a
successor, we use p<v(A) to mean py_1(A). Since p,(A ™) is non increasing with v, we
must have p¢, (A7) > p¢, (A7 ). Putting these three inequalities together, we get

P<ca(A) >pea(A).
There are two ways by which one could have p-(A) > py(A) when v > 0:

(a) a Veblen function was peeled off from p-~ (A) (possibly ¢, when v is successor and

we apply P1),
(b) v is successor and py_1(A) < pyv_1(A7).

Notice that the reason for having p-¢, (A) > p¢, (A) cannot be (b), because in this case (A
would have been smaller. It follows that (o must be an ordinal at which some peeling was
done to p~¢, (A): either an w was removed (which corresponds to peeling off @) or a @5
was removed.

Notice that 0 € S(t) for every T, which takes care of the case when 1=A(0) <A(1). So
we can assume A(0) > A(1).

Suppose T = @o(0) with 0 < 1. Then p1(A) =0 and (Ao =1+ (g where B=p1(A). By
inductive hypothesis (o € S(T).

Suppose now that T = @s(0) with 8 > 0 and o < 1. Then, for all v < w?®, pyv(A) =T and
Pws (A) = 0 < 1. Therefore, either {4 = w?® or (o = w® + (g with {g >0 where B=p,,s(A).
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If 0 =0 then {a = w® € S(5(0)) and moreover p_s(A~) =0 must hold otherwise it
belongs to ran ¢ contradicting the minimality of (. If instead o > 0 notice that p s (A) =
(pg1 (1) > (pg1 (Pws (A7) =pys (A7) because either p_ s (A~ ) belongs to the range of @5
(which is strictly increasing) or it is 0. It follows that by inductive hypothesis (A = w®+ g
with (g € S(0) and (g > 0. Hence (5 € S(T).

Finally, suppose that A = (T,77,...,Tm) and that T = w°° 4 ... + w° with n > 0. Then
p1(A) is one of the oy’s, say oi,. If p1(A) <p1(A~), then (o =1 € S(1). So suppose
that p1(A) > p1(A~) and Ca > 2. The goal now is to define a tuple A’ of ordinals such
that A’(0) = w® and (A’ = Ca. Then, by the inductive hypothesis we would have {4/ €
S(w“), and so by definition of S(T), (A € S(T). Let 8¢ = 0y, so that, for some 81,...,0m,
we have

p1(A) = (T, 71,72, Tm,0) = (80,81,.+.,8m).

Suppose first that 5o > &7 > ... > 8. Let A’ be defined by applying ¢, which is the
exponential function, to all the entries of p1(A). That is, A’ = (w®,w?®,...,w®"). Notice
that, for all i < m,

P1(A)(1) = wd, wdi =8 =p1(A)(i).

Therefore p1(A’) =P1(A) and hence (o = {a. Suppose now that 0 < £ < m is least such
that 8¢ < 8¢, 1. We have that

A = (T/ ceey Te—1, Te, Te+1, vy Tm)
f)](A) = (601 ooy 6@—1/ 62/ 6(—0—1/ ooy 6111)
f)Z(A) = (60161 ARV 6@71 16€l O/ 6€+1 16€+21 Ry 6TTUO)

Define A’ by letting A’(i) = w® for all i <, A'(€) = w® + wd, A'((+1) = w’ and
A’(1) =0 for all i > £+ 1. We then have that

Al = (wd, ..., wlr, wd4wd, wd, 0, ... 0)
PrA) = (6o, .., S, B, By O .., 0)
‘F_)Z(A/) = (60161/ ey 6@71/6& O/ 6€/O/ O/ s O)

Observe that p(A’)(£) =0 =p2(A)({) and hence that p~ (A’)({) =0=p~+(A)(¢) forall v > 2.

Observe also that p,(A’)(1) =p2(A)(i) for all i < L. It is not hard to see that each application
of p1 keeps equal the two sequences up to the {-th entry while each application of p v for
some vV just peels off (when possible) an application of ¢+ from each entry independently
on the other entries of the sequence. Therefore we get that py(A’)(i) = p+(A)(i) for all
i<l and all v > 2. It follows that {5 = (4 as needed. O
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Remark 4.5.9. Notice that if (o = w® + ...+ w®" is a limit ordinal, then P<ca(A) =05, (0)
and p-¢, (A7) =0. To see this, let B=P_¢, (A) =P_sn ©Pon1 ©--- 0P8 (A) so that
Pea(A) = (pgn1 (B). By definition of C it must be B(0) > B(1) and by definition of p_ ,,sn
both B(0) and B(1) must be either 0 or in the range of @5, . If B(1) > 0 then since @5,
is strictly increasing it must be (pgn1 (B(0)) > (pgn1 (B(1)), contradicting the definition of Ca.
Then B(1) =0 and @ ' (B(0)) < ¢ (B(1)) =0 which implies B(0) = ¢5,, (0).

We defined the norm (5| of an ordinal 6 in Definition 4.1.7. We now use that norm to
define a new function || || : @1og+ (@ %< k) — w as follows.

Definition 4.5.10. For each ordinal 3 < (plogy(oc x< k), let [[3]| be T plus the maximum of
the following:

e the norm of all the subterms of 3, including {3 itself,

o the cardinality of the multiset Sub(f3),

e the norm of all the ordinals in S(f3),

o for every 6 € Sub(p) such that < « xx k, the norm of 745)(8).

We now show that we just need to know the first entry of a finite sequence of ordinals
A to compute a level such that p— o (A) stabilizes.

Lemma 4.5.11. Let 0 > 0 be an ordinal and let A = (xo,...,&m) be a sequence of ordinals in
Plogy (0t %< k). Then,

P<we(A) =P oliagl. || oo (A)-

Proof. First we claim that for some & < wCllxolll . jjoy|| we have that pe(A) is either 0
or a fixed point of @4jj«,(- To prove this, notice that by Lemma 4.5.5 we know that
each application of p oo peels off at least one application of @ 4|4, to each entry of
its input, unless we have already got to 0 or to a fixed point of @g[j|«,)- The function
P wolixolll. ||| peels off at least [|oto|| applications of @ qj«,- However, by definition of
llocoll (which also counts the cardinality of Sub(xp)) the number of operations @ |«
occurring in «g is strictly less than ||xo||. For this reason ps(A) must be O or a fixed point
of @[« for some & < wOllxolll . ||| as claimed.

If pz (A) =0 then the sequence has already stabilized. Otherwise p; (A) is a fixed point of
©o[|al] @and can be uniquely written as @5(p) for some & > of/[xol[] and some 3 < @5(B).
Since pg(A) is a subterm of xp (by Lemma 4.5.5) we get that |§] < [|xo[l. Then, if 6 < o,
the goodness of the norm |- | implies that o =4, & by Lemma 4.1.11. It follows that
olllxoll] = & which is a contradiction. We conclude that § > o, and hence pg(A) € ran(@g).
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If ps(A) < pe(A~) then pzy1(A) =0 and hence the sequence stabilizes at &+ 1. If
instead pz (A) > pg(A™) then by induction we can prove that p,(A) =pg(A) >p,(A~) for
any & < p < w?: this is because p,(A~) < pz(A~) and at stage p we attempt to peel off
@ for some ¢’ < o, which has no effect on pg (A).

Since &+ 1 < wClllxolll . x|, we have p— o (A) =P wolllooll || o) (A)- O

We are ready to construct the set M of Theorem 4.5.1.

Lemma 4.5.12. There exists an infinite set M such that, for all s € [M]=%, we have that for all
i< |s]
max([[uls [l [Jawll, [y +T11) +2 < s(1).

Proof. We define M(n) by recursion on n. Let M(0) be any number which is larger than
max(|[ull, [|wll,|ly + 11[) + 2. For each n > 0 let M(n) > M(n — 1) be a number strictly larger
than ||u[s]|| + 2 for all s C{M(0),...,M(n—1)}.

Checking that M is the required set is straightforward: if s € [M]<% and i < [s|, then
s(i1) = M(n) for some n and M(n) > [|us [ il[| + 2 by definition of M(n). Moreover, s(i) is
greater than ||w|| + 2 and |y + 1]| + 2 because M(0) is. O

For the rest of this section fix a set s € [M]'"¥H, where M is as in the previous lemma.

Define
T:s = Qrogy(aex<k) by T(s(i))=muls[1il.

Notice that T(mins) = p, T(maxs) =0 (as s* is p-size) and that T is a strictly decreasing
function. Moreover, by definition of M,

ITsEI+2<s(i) forall i< |s|.

Now we have all the required machinery. We define a coloring on [s]*'*Y (which
denotes the set of (1 +v)-large subsets of s)

¢ [P 5 k+3

urc(T(u))

where c is the coloring from Definition 4.5.6. By T(uy, ..., um) we mean (T(up),..., T(um)).

Similarly, we define s and  on u C s by ps(u) =ps(T(u)) and Cu = Crq)-
We now show that in the definition of ¢, only the (1 4+ y)-size prefix matters: i.e.if t C's
and v C t is the (14 y)-size initial segment of t, then c(t) =c(v).

Lemma 4.5.13. For each v and sets wC t C s, if wis (1+ v)-large then

pv(u) =p(t).
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When v =y this shows that the coloring ¢ defined above can actually be regarded as a
coloring of the (1 + v)-size subsets of s. This is because in the coloring ¢ of a set u we only
care about the peeling functions of index y or index v € S(T(minu)). By definition of the
set M (which contains u) each element of u is larger than ||T(minu)|| and by definition of
Il - Il, it is also larger than |v| for each v € S(T(minu)). This means that if u is y-large, since
Y = v, uw must also be v-large and so Lemma 4.5.13 yields that also p, only depends on
the (14 v)-size initial segment of its input.

Proof. We proceed by induction on v. The case v =0 is immediate since P is the identity
function. If v=p+1 and uis (1 +v)-large then u is (14 p + 1)-large and u™ is (1 + p)-
large. By Corollary 4.1.4 u is (1 + p)-large too. Hence we have both p,(u) =p,(t) and
Po(u™) =p,(t™) by inductive hypothesis. Then

Pv(w) =po(u),po(u™) =po(t),pp(t™) =pv(t).

Suppose now v = w? > 1. Recall that we denote minu by uy. Suppose that ug is the i-th
element of s. First notice that the first ordinal of the sequence to which we are applying
P~ is T(up) = uls [ i] and so by Lemma 4.5.12 we have that uy = s(i) > [[T(up)l[ + 2. Since
uwis (14 w?)-large then it is (1 + w[upl)-large too (this is because it contains u™ which is
(1+ wC[uol)-large). We claim that w®[ig] > w T [IT(1,)|. We proceed by cases.

(1) If 0 < w® then

W gl = WO ol Uy > wCUIT o)l 1T (o).

(2) If 0 =¢1(0) then

Wl = @1(0)fuol = @1 (0) > <P|0|T(u°m+3(0)

> @i 2(0) T (o) = wCITRI T ()],

(3) If o=¢1(B) > P >0 then

wTuel = @1(B) ol = @50 (@1 (Bluol) +1)

> @p T3 (o (BT (wo)ll +21) + 1)
> @ T2 (0 (BT (wo)ll) + 1) - 1T (o)

— WOl IT (o).

(4) If o= @s(0) with 6 > 1 then
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W lito] = @5(0)[uol = 981 (0) > gy F2)H3 ) (0)

T 1
> @it I (0) 1T (o)l = wlITMoI T (g ).

(5) If o=@s(B) > P >0 with 6 > 1 then

w[uol = @s(B)luol = @52 (@5 (Bluol) + 1)

> @yt (@1 (BIIT (o)l +21) +1)

> @!Tu%“éﬁ'o'ﬁ‘ (@1 (BUIT (o)) +1) - IT(ato)]

Ul T (u)l

(6) If 0 =Ty then

wuol = Toluol = @rye—11(0) > @1y T (1) 11+11(0)
> @y 11T (uo) I (0) - IT(wo)ll = TollI T (wo)ll + 11 - IT (uo )|
_ Tl g

(7) If 0 =T¢ with 0 < & < ( then

w?up] =T [up]

=@, (0) up + 1 times
"(pr‘i(u(ﬂ“ (0).-

> Q. (0) IT(uo)ll + 2 times
T PTENIT (ug)IN T (0).

. (0] - [T (uo)ll IIT(uwo)l| + 1 times
“PTepyr (g 1 (0)

=TelIT(wo) Il - T (uo)ll
Tt )T (up )l

We know by Lemma 4.5.11 that p<we (W) =P ,etmwoin. (1, (W) and also that p< e (t) =
P oo lIT )| T (10| (t). By the claim and by Lemma 4.5.11, we know P el || T (1) | (u)=
Pawofuo) (W) and P otimwo)in | 7 (uy)) () = Pweue) (1) Finally, since wis (1+ w®uo])-large, by
inductive hypothesis we also know that p o1 (1) =pwop,)(t) and so we get p- o (u) =
P<we(t). We then peel off one application of ¢ in each side and obtain p (1) =peoe(t)
as required.

We are left with case v =p + w® with p > w® and 0 > 0. Recall p-yo(pp(u)) =
lim_, o pr(Pp(u)) and by Lemma 4.5.11 the limit converges after the ordinal w°!Pe (Wl
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llpo (w)ll. Analogously p<we(Pp(t)) =limc— oo pr(Pp(t)) and it converges after wClPe (LI
llpo(t)ll. Since p,(u) and py(t) are subterms of T(up) (by Lemma 4.5.5) then |[T(uo)l| >
llpo(w)ll and [IT(uo)ll = llpp(t)ll. Therefore, by the claim within the proof of case v = w?®
above, we get that w[up] > wOlllpe (WIIT. llpp ()] and w®[ue] > wClllpe (BT llpo(t)ll. Now
uwis (14 p+ w?hupl)-large because u™ is. Hence, by inductive hypothesis, p, oo, (W) =
Potwou,l(t). We get that po o (Pp(u)) =p<we(Pp(t)) and peeling off one application
of @, in each side we obtain pyiwe(u) =pwe(Pp(U)) =pwe(Pp(t)) =Pptrwo(t) as re-
quired. O

We can now go back to the proof of Theorem 4.5.1.

Proof of Theorem 4.5.1. Towards a contradiction suppose that t is a ((1+v) W )-large ho-
mogeneous subset of s for the coloring ¢ we defined above. Write t as t,~t, with t, <t,,
where ty is a-size and t, is (1 4+ y)-large. For each i < [t«], let t~1 be the set obtained by
removing the first 1 elements from t. Since t, C t~%, we have that t 1 is (1 +v)-large. By
homogeneity, we have that c(t~') has the same color for all i < |[t«|. We distinguish four
cases based on the color of the homogeneous set t.

Case 1: Suppose that t is homogeneous of color j < k. Then, for every i < [t«|, we have
that py(t™1) € d='1(j). Recall that d~'(j) is a subset of o »x k isomorphic to o and that we

denoted by 7 : d~'(j) — « the order isomorphism. Define a map

fr te U{ty(0)} —
t(i) = 75(py (t71)).
Recall that since ¢(t~!) =j < k, we have that {,—: does not exists, and hence that Py tH >
py(t~0+1)). Therefore f is strictly decreasing. Furthermore, the ordinal p,(t~!) is a
subterm of T(t(i)) which belongs to d~'(j) and hence |75 (py(t*i))l <[IT(t(Q))ll < t(i) by
Definition 4.5.10 and by definition of the set M in Lemma 4.5.12. In other words, for all
m e ty U{t,(0)}, [f(m)| < m. The Estimation Lemma 4.1.12 states that no such f can exist
because ty U{t,(0)}is (14 «)-size.

Case 2: Suppose that t is homogeneous of color k. In this case we have that
Ct*O > Ct*1 > > th\ta\
and all these ordinals belong to y + 1. We now define a map

fito Uty (0)} =y +1
t(i) > Ot
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To apply the Estimation Lemma, we need to show that to U{t,(0)}is (1 (y + 1))-large
which is equivalent to ty being (y + 1)-large. First we notice that it is (1 ¥ «)-large since
ty is a-size. Then recall that we are assuming « >y which is equivalent to & >y + 1.
If « =y +1 we are done. If @ >y + 1 then by Lemma 4.1.9 and because t C M (and
M(0) > [y + 1| by Lemma 4.5.12) we know that for each i if «[t(0),...,t(i)] >y + 1 then
a[t(0),...,t(i+1)] = v+ 1. Since af[ty] =0 there exists i < |ty| such that «[t(0),...,t(1)] =
Y + 1. Therefore ty is (v + 1)-large.

Notice that, by Lemma 4.5.8, (-« € S(T(t(1))). It follows that for m = t(i),
[f(m)| = [ <IT(READI < (i) =m.

The Estimation Lemma states that no such f exists.

Case 3: Suppose that t is homogeneous of color k 4 1. In this case we have

Ci—0 = (-1 = = (i ftal

and let ¢ denote this ordinal. Notice that { # 0 because T(t) is a strictly decreasing sequence

of ordinals.

We claim that the ordinals p;(t~!) originate from distinct occurrences of the elements of
the multiset Sub(T(t(0))) and hence there should be no more than [[T(t(0))|| many of them.
Since ([T(t(0))]] < t(0) by Lemma 4.5.12, this implies that ty has less than t(0) elements.
However, since o« > w and M(0) > |w|, we get that t, is w-large (the argument is the same
used to show that ty is (y + 1)-large in Case 2 above), which contradicts the fact that t

has less than t(0) elements.

Let us now prove the claim. We have

and pc(t_o) < pc(t_]) << pc(t—lt(x\) < Pc(t_lt“‘_1).

First we show that ¢ must be a successor ordinal so that p—; is p;—1. Towards a contra-
diction suppose that ( is limit. By Remark 4.5.9, it must be p_;(t~°) = @5(0) for some
§>0and p-¢(t~") =0. In particular, the strictly decreasing chain above must have length
2 and so ty =0, a contradiction.

Going back to the proof of the claim, recall that, for every i < [t«|, p¢ (t Y isan exponent
of a term in the Cantor normal form of p;_1(t~%). We claim that for this to be the case,

we must have the following situation:

91



92

| THE BARRIER RAMSEY THEOREM

Pe—1 (tfo) = w* 4. W wpc(tq) 4o Wm0 + wpc(tio) + 7o
Pt =W 4w 4 P g o
Pt =™ 4 0 41y

By definition of p;(t°), we know that the Cantor normal forms of the ordinals p;_1(t~°)
and p;_1(t7") are equal up to a certain term w0, and then in p¢_1 (t7°) we have
the term wpi(tfo), while the tail T1 of p¢_1 (t=1) is strictly smaller than wP<(t %) Since
pc(t70) < pc(t~), we must have that p(t~') is an exponent of the Cantor normal form
of pc_1(t~") that shows up before ny. This implies that p;(t~") is one of the exponents

(t)

of pr—1 (t=9) too. Since wP< > 17, we must have that WPt comes strictly before

(t°) in the Cantor normal form of pc_1(t7°). That is, even if they are equal as or-

wPe
dinals, they are different subterms of p;_1(t ). Continuing like this we get that each
pc(t™1) is a different exponent in the Cantor normal form of p;_1 (t~°). Finally, recall that
pc_1(t7°) is already a subterm of T(t(0)) by Lemma 4.5.5. Therefore, we get that that each
pc(t™) for i < |ty originates from a distinct occurrence of an element of Sub(T(t(0))), as

required.

Case 4: Suppose that t is homogeneous of color k 4 2. In this case we have
tho < thl < thz << th\t“\.

Notice that, by definition of the color k + 2, they must all be defined while ;.1 might
be undefined. For each i, let us denote (;—i by (; for simplicity. Again we first show
that each (; is a successor ordinal. Each of them must be non zero because T(t) is strictly
decreasing. Towards a contradiction suppose that (; is limit. Then by Remark 4.5.9, it
must be p_¢, (t71) = @5(0) for some § >0 and p_, (t ') =0. But in this case ¢; 1 must
be defined and strictly smaller than (;, a contradiction.

We claim that for each 1 >0, p¢, 1 (t7Yisa proper subterm of p¢, |1 (t—H 7). It would
then again follow that the ordinals p¢, (tt) are all different subterms of T(t(0)) and we
would get the same contradiction as in the previous case. For ease the notation we only
consider the case i=1. Since p¢,—1 (t9) > Pio—1 (t~1) and P (t 9 < Peo (t~1), as in Case
3, we have that pco(t*]) is an exponent of the Cantor normal form of p¢,_; (t7°) that
shows up before p¢, (t=9). Since {7 > (o, we have that Poi—1 (t~1) is a subterm of Peo (t".
We thus have that p¢, 1 (t~') is a proper subterm of Pro—T (t=0). a
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4.6 THE UPPER BOUND

In this section we show that for each k € N and every countable ordinals « and v,
Ram(oc)ywY < (plogv(oc -w). This is achieved by proving the following theorem, which

is the main result of this section.

Theorem 4.6.1. Let k € IN and « and y be countable ordinals. Then
Ram (), Y < @logy (& % k).

Recall that this means that for all SD-barriers A and € with ht(A) = «, ht(€) =14y and
base(A) a final segment of base(C), there exists a SD-barrier B such that base(B) =base(A),
ht(B) < @logy (x %< k) and B — (A)E.

Since sup; .y & X< k = o+ w and the Veblen functions are normal, Theorem 4.6.1 implies
that Ram () 1Y < Plogy (0t~ W).

Notice that if v = 0, by Corollary 4.4.6 we already know that Ram(«)] = « xx k. Since
by Definition 4.3.7 @100 is the identity function we obtain Theorem 4.6.1 in this case and
from now on we can assume that v > 1. Moreover, if both « and y are below w then
Ram(oc),]fy < w < Progy (@ %< k). Hence we can restrict to the case max{a, v} > w.

First we show that we can reduce to a simpler case, useful for the rest of the section.

Lemma 4.6.2. Let k € N and A, B and C be fronts where base(B) =base(A) is a final segment
of base(C). If B — (A)L %€ then B — (A)¢

Proof. Let s be a (1@B)-size set and let c: [s]® — k be a coloring. Define the coloring

¢t [s]'®® — k as u+s c(u*). Then by assumption there exists a set t € [s]!®CPA ¢/

homogeneous, say of color i < k. By definition t* is (C @ A)-size: we claim that t* is
c-homogeneous of color i. Let u € [t*]®. Then maxt > maxu and so u™(maxt) € [t]'®¢. It

follows that c(u) = ¢/(u” (maxt)) =1. O

We need the following extension of the arrow notation.

Definition 4.6.3. Let k € N and A, B, € and D be fronts such that base(B) =base(A) and

base(D) are final segments of base(C). We write

B s (‘A):LEBGGBD—HI DD

19&CHD  there exists a

to mean that for each (1®B)-size s and each k-coloring c¢ of [s]
(1®C @ A)-size t subset of s such that the coloring of an element of [t]'®¢®D depends
only on its (1®D)-size initial segment. We say that t is a (1®D)-prehomogeneous set for

C.
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Next we state a key intermediate result to prove Theorem 4.6.1.

Theorem 4.6.4. Let k € N and A and C be SD-barriers where ht(A) = &, ht(C) =<y and base(A)
is a final segment of base(C). There exists a SD-barrier B with base(B) =base(A) and ht(B) <
@logy (0t) such that B — (A)L@e_”].

We delay the proof of Theorem 4.6.4 to the end of the section. We show first how to

derive Theorem 4.6.1.

Proof of Theorem 4.6.1. Recall that A and € are SD-barriers with ht(A) = «, ht(€C) =1+vy
and base(A) a final segment of base(C). Recall also that we assume y > 1. If v is finite
then by decomposability € = [base(C)]'*Y. Therefore € = 1GC’ where €’ = [base(C)]Y. If
v is infinite then ht(€) =1 +y =+ and in this case let ¢’ = C.

Let B(A) =B(A,...,A) be the SD-barrier of Definition 4.4.2 associated to k many A’s. By
Lemma 4.4.4 ht(B(A)) = & % k and by Theorem 4.4.5 B(A) — (A)}. By Theorem 4.6.4 there
exists a SD-barrier B such that ht(B) < @jog (o % k) and B — (B(A))l@eg“. We claim
that it suffices to prove that B — (A)l@e/. Indeed, if vy is finite then 1®C’ = €, while if y is
infinite then 1®€’ = 1®C so that Lemma 4.6.2 yields B — (A)E for the same SD-barrier B.

We thus need to prove B — (A)lﬂae/. Let s be (1@ B)-size and let c: [s]'®C — k be
any coloring. We need to prove that there exists a homogeneous (1€’ @& A)-size set
for c. Let t Cs be the (1€’ @ B(A))-size set which is 1-prehomogeneous for c. By
definition t =ty t] for some B(A)-size t} and some (1®C’)-size t; and so we may also
write t =t~ (mint])~t]{”. We define to =t{~(mint{) and t; =t{": in this way t =to"t;
where tg is (1©B(A))-size and ty is (1SC .y, )-size.

We claim that for each n € to, (n)"ty is (1®C€’)-large and so for each n € t( there exists
r C t such that (n)"r is (1®C’)-size. Suppose that for some n, (n)"ty is (1HC’)-small
and let v be a (14C€’)-size set such that (n)"t; C v. Then since n < maxty it follows that
(maxtp)~t; and v contradict the smoothness of 16C’.

Let C: to — k be the coloring defined as ¢(n) = c¢((n)"r) where r is any (1®C},)-size
subset of t. By the claim above and since t is 1-prehomogeneous for c, ¢ is well defined.
We obtain that ¢ is a k-coloring of a (1 ®B(A))-size set and by Theorem 4.4.5 there exists
u € [to]' ®A c-homogeneous, say of color i < k.

We claim that u™ty is a (1®C’ @ A)-large homogeneous set for c. We start by showing
the largeness. Since u* is A-size by definition, we only need to prove that (maxu)~t; is
(1@C’)-large. Towards a contradiction assume that (maxu)~t; is (1®€’)-small and let v
be a (1@C’)-size set such that (maxu)~t; C v. Then since (maxtp)~t; =17 is (1®C’)-size
and maxu < maxto, we get that v and t] contradict the smoothness of 1®C’. Therefore
(maxu)~ty is (1®C’)-large. We are left to prove that u™t; is c-homogeneous. Since
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(maxtp)~ty is (1®C’)-size then t; must be (1®€’)-small. For this reason a (1®C’)-size
subset w of u™t; cannot be entirely contained in t; and this means that minw € u. By
definition ¢(w) = ¢(minw) = 1.

Therefore u™t; is c-homogeneous and so s has a homogeneous (1€’ @ A)-size set

included in u™t;. O

Notice that the above proof is modular: if Theorem 4.6.4 holds when vy’ <y then The-
orem 4.6.1 holds when y’ <y as well. Thus we can prove Theorem 4.6.4 by transfinite

induction on vy using as hypothesis also Theorem 4.6.1 for smaller ordinals.

The next lemma deals with the case y =1, so that @}, = @0 is ordinal exponentiation

with base w.

Lemma 4.6.5. Let k € IN and A be a SD-barrier with ht(A) = o« > w. There exists a SD-barrier
B with base(B) =base(A), ht(B) < w* and such that B — (A)%—”].

Proof. We proceed by induction on o. For each n let B;, be a SD-barrier with base(B),) =
base(An) and ht(B/) < whtt4n) such that B! — (An)F 7" If ht(Ay) is infinite then B/,
exists by induction hypothesis. If ht(A,,) =0 then A, is the degenerate front and B/ =T
works, so in this case ht(B/) =1=w® = whtAn) £ 0 < ht(An) < w then by classical finite
Ramsey theory there exists m € IN such that B;, can be taken as the SD-barrier of m-tuples

so in this case ht(B/) =m < w < whtAn),

Let By, be a SD-barrier (whose existence is proved in Section 4.4) of height ht(B;) »x k
and such that B,, — (B;L)}L. We define B ={s:s~ € Bpins} (Which justifies the name B, for
the previous SD-barriers). Such B is a block but not necessarily a SD-barrier. However by
Lemma 1.4.2 and by Corollary 4.1.26 there exists a SD-barrier with same height and same
base of B and such that each of its elements is B-large. Thus we may assume that B is a
SD-barrier and we claim that B — (A)%‘”‘.

Let s be (1®B)-size, n = mins and c: [s]2 — k. We show that there exist t’ € [s7]'®5xn
and i < k such that c((n,m)) =1 for all m € t’. In order to do that, we define a new coloring
€: s~ —kasc(m)=c((n,m)). Since s~ is (1®B,)-size and B,, — (B/)}, there exists a
c-homogeneous (1 @B}, )-size set, which is the desired t’.

By inductive hypothesis and since B/, — (An)2 7! there exists a set t” € [t/]>®/" which
is 1-prehomogeneous for c. Therefore (n)~t” € [s]2®4 is 1-prehomogeneous for c.

Notice that
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ht(B)= sup (ht(Bn)+1)
neEbase(B)

= sup ((ht(B})xk)+1)
ne€base(B)

< sup (M) e k) 1) < 0
ncbase(B)

as required. O

The next Lemma deals with the case y = w?.

Lemma 4.6.6. Assume that Theorem 4.6.1 holds for each v’ < w®. Let k € N and A and € be
SD-barriers where ht(A) = &, ht(€) = w® > w and base(A) is a final segment of base(€). There
exists a SD-barrier B with base(B) = base(A), ht(B) < @5(«) and such that B — (A), €T

Proof. We proceed by induction on «. If o« =0 then A is the degenerate front and 1GCH A =
1®C. Take B =C: then B — (A),'L@e_”' and ht(B) = @o(8) < @o(9s(0)) = @5(0) as required.

Suppose « > 0 and, by inductive hypothesis, for each n let B/ be a SD-barrier with
base(B;,) = base(An) such that ht(B/) < ¢s(ht(An)) and B), — (AHJ:LEBGHH. Let B, be
a SD-barrier (whose existence is ensured by the hypothesis on Theorem 4.6.1 and the
fact that ht(C,,) < w® for each n) such that ht(B,) < (ploght(@n)(ht(ﬁil) x< k) and B, —
(BQ)LGBG“. We define B ={s: s~ € Bmins) (Which justifies the name B,, for the previous
SD-barriers). As in the proof of Lemma 4.6.5 we may assume that B is a SD-barrier and
we claim that B — (A)l@e_”].

Let s be (1@B)-size, n =mins and c: [s]'®€ — k. We show that there exist t’ € [s~]'®5xn
and i < k such that c((n)"r) =1 for all r € [t/]'"®®n, We define ¢:[s7]"®%r » k as¢c(r) =
c({(n)"r). Since s~ is (1 ®By, )-size and B, — (iB,’l)L@e“ then there exists a c-homogeneous
(1®Cn @ B, )-size set. Its (1@®B],)-size prefix is the desired t'.

Since B!, — (An). P77, there exists a set t” € [t']' ®®®/n which is 1-prehomogeneous
for c. Therefore (n)"t"” € [s]'®¢®/ is 1-prehomogeneous for c.

We are left to prove that the height of B is bounded by @s(«). Indeed

ht(B)= sup (ht(Bn)+1)
neEbase(B)

< sup  (@rogh(e,) (ht(Br) x< k) +1)
ne€base(B)

< sup  (@roghe(e,) (@s(ht(An)) x< k) +1)
néebase(B)

< sup  (@Qroghe(e,) (@s(a))) = @s(x)
ne€base(B)
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where the last inequality follows because the Veblen functions are strictly increasing,
while the last equality follows by the fact that for every n @jgni(e,) is @ composition of
Veblen functions each of index strictly smaller than 6 and so @5 (ht(As)) is a fixed point of

Ploght(Cp)- U

The next step is to prove a strengthening of Lemma 4.6.6 which is useful for the proof

of the remaining cases of Theorem 4.6.4.

Lemma 4.6.7. Assume that Theorem 4.6.1 holds for each y' < w®. Let k € N and A, C and
D be SD-burriers where ht(A) = «, ht(C) = w® and base(A) and base(D) are final segments

of base(C). There exists a SD-barrier B with ht(B) < @s() and base(B) = base(A) such that
B — (‘A)L@G@D—H]@ﬂ'

Proof. Starting from A and C we define sets of SD-barriers (Fs)sct(a) and (€s)seT(a)
where base(&g) = base(Fs) = base(A) \{0,...,maxs}. If s € A then we define Fs = C re-
stricted to base(A) \ {0,...,maxs}. If s € T(A)\ A, assume that for each n > maxs we
have defined ¥~ ). Let -,y be a SD-barrier (whose existence is ensured by the induc-
tive assumption on Theorem 4.6.1 and by the fact that 1+ ht(C,) < w?® for each n) with
base(&, <n>) base(F~ ~(ny)s ht(&~ ~(n >) < Ploght(Cy) (ht("J"SA(n)) s k(2 ) and Eg- ) —
(fr’sﬁ<n>)leif‘ We define F as the set {t C base(A):t™ € g~ pinyy}- Then Fs is clearly
a block with base(JFs) =base(A) \ {0,...,maxs}. By Lemma 1.4.2 and Corollary 4.1.26 we
may assume that F is a SD-barrier with same height and same base.

We claim that for each s € T(A), ht(Js) < @s(ht(As)). We proceed by induction on
ht(As). If s € A then F5 = € and ht(Fs) = w® < @5(0) = @s(ht(As)). Now suppose that
s € T(A)\ A and the claim holds for all s (n) € T(A). By construction, ht(8$m<n>) <
Ploghe(ey) (ht(Fen ) < k(2). Tt follows that

ht(F) = sup  (ht(Eg(py) +1)
nebase(JFs)

sl
< sup (Proghi(en) (MEHF o) ¢ kD) 1)
ne€base(Fs)

Is]
< sup ((Ploght(en)((pé(ht(As“<n>))XXk(z N+
nebase(Fs)

< SUP  @log(ht(en)) (@s(ht(As))) = @5 (ht(As))
ne€base(TFs)

where the last inequality follows since the Veblen functions are strictly increasing and
the last equality follows by the fact that for every n ¢jogn(e,) is a composition of Ve-

blen functions each of index strictly smaller than & and so ¢@s(ht(As)) is a fixed point of

(ploght(en) .
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In particular ht(F)) < @5(«), so we set B = F, and we prove B — (A)]‘L@G@D—”] @D

Let s be (1®B)-size and let c: [s]'9C®D k. Using an idea similar to Mathias forcing,
we recursively construct sequences fo,f1,... € s and Fo,Fy,... C s such that for each n
(letting un, = (fo,...,fn)) the following holds:

(1) fo<fi<...<fp<Fpn,
(2) fn=minF,_ 1,

(3) Fn CFn1,

(4) Fnis (1 ®Jy, )-large,

(5) let ty,t; € [s]'"®C®D and let t| and t} be their (1 ®D)-size prefixes: if t] =t} C un
and t4 \tq,tz \té C Fn, then c(t7) = c(t2).

We initialize the construction by setting F_; = s and leaving f_; undefined, so that
u_1 = (). Clauses 1+ 4 are trivial. Since (1®C @ D)-size sets have at least two elements,
clause 5 is trivial too.

Suppose we are at stage n and that we have already defined f,,_7 and F,,_ satisfying
clauses 1 +5. Let f, = minF,,_; (so that clause 2 is satisfied) and let E,, =F_ ;. Let
el [En]! ®Crm — k(2" be the function that maps e € [E.]"®Cm to (a code for) the function
lun—1]P — k defined by d — c(d™(fn)"e). Since un_1 has 2™ subsets, then [un—1]P has
at most 2" elements. Therefore there are at most k(2") functions [unq]'D — k and so
c/, is well defined. We know that F,,_; is (1® Fy,,,_,)-large and so F},_, is F,, ,-large. It
follows that Ej, =F} _; is €, -large and hence E, is (1®¢&,,, )-large. By construction €, —
(sfun)lfif /™ and so there is a (1$C¢, @ Fy,, )-large subset of E, which is ¢} -homogeneous.
We call such set F;, and notice that F, is (1 $J,,, )-large (hence clauses 3 and 4 are satisfied).
Since Fn, C By, fr, < Fy and clause 1 holds too. We are left to prove that clause 5 is satisfied.
Let t1,t; € [s]"®C9D and let t] and t} be their (1&D)-size prefixes. Moreover assume that
t] =t5 Cun and t1 \ t],t2 \ tj C Fn. If t] =t5 Cun_ then since F, C F,,_1, by clause
5 of stage n — 1 we are done. If not then t{* =t5" € lun_1]? and maxt] = maxt;, = fy.
Since Fn, is ¢/ ,-homogeneous, then d — c(d™(fn)"t1 \ t]) and d — c(d™(fn) "tz \ t}) are
the same function (notice that t; \ t; and t; \ t; are (1@Cy, )-size). Therefore c(t;) =
S (F)~t \ 1) = e(t5 (F) "2 \ 1)) = c[ta).

The construction stops at a stage m such that u,, € A. At this stage 7, =€ by definition
and so F, is (1®C)-large. Let w C Fy, be (1®C)-size and let f, 1 = minw. The set
v=un"wis (1®C & A)-size. Let t1,t; € V]'PCD and let t} and t} be their (1©D)-size
prefixes. Moreover assume that t] = t}. Suppose first that maxtj = maxt} > f;, ;1 then it
must be t1 \ t}*,t2 \ t;* € W]'®¢ and since 1®C is a barrier we get t1 \ t{* =w =1, \ t}".
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Hence t; =t; and c(t1) = c(t2). Suppose now that maxt; = maxt} = f,, for some n <m
and so t1* =t5* € lun_1]P. Since Fy, is c/,-homogeneous and (fn41,...,fm)”w C Fy, then
d—c(d™(frn) "ty \ t]) and d — c(d™(fn) "tz \ t}) are the same function. Therefore

c(t) =c(ty™ (fn) "t \ t7) =c(t3" " (fn) "t2 \ t3) = c(t2).

Hence vis a (1©®C @ A)-size (1 @ D)-prehomogeneous set for c. O
We are finally ready to prove Theorem 4.6.4, concluding Section 4.6.

Proof of Theorem 4.6.4. Recall that Theorem 4.6.4 states the following: given k € IN and A
and C SD-barriers where ht(A) = «, ht(C) =y and base(A) is a final segment of base(C),
there exists a SD-barrier B with ht(B) < @jog () and the same base as A such that B —
(A) 11 ®C—1

We proceed by induction on y. If y =0 then B = A works. If y > 0 the induction
hypothesis and the modularity of the proof that Theorem 4.6.4 implies Theorem 4.6.1
yield that Theorem 4.6.4 holds for every y’ <.

The case y = w?® is proved in Lemmas 4.6.5 and 4.6.6.

Suppose now that y = w® + v with w® > v > 0. Since C is decomposable, there ex-
ist SD-barriers Cy, C; such that ht(Cy) = w?, ht(€;) =v and € = Cy @ C;. By inductive
hypothesis (since ht(C;) = v < y) there exists a SD-barrier B’ with ht(B') < @og+ ()
and base(B’) = base(A) such that B’ — (A)l@e‘ﬁﬂ. By Lemma 4.6.7 there exists a SD-
barrier B with ht(B) < @5(@1ogv () = @105y () and base(B) = base(B’) such that B —
(B’)LGBGO@G‘M] €1 We claim that B — (A)l@e_”].

Let s be (1®B)-size and c: [s]"®¢ — k be a coloring. Since € =€y @ Cy; and B —
(B’)L@GO@G‘M@G‘, there exists t € [s]'®%®B’ which is (1®E€;)-prehomogeneous for c.
Let t = t)"t] where t} is B’-size t) and t| is (1®Cy)-size. We may also write t =
ty"(mint])"t;". We define to = t{"(mint}) and t; =t]” so that t =to"ty, to is (1®B')-
size and t; is (1®(Co)maxt,)-size.

Letc: [to]'®€1 — k be the coloring defined as ¢(d) =c(d"r) where ris any (1®(Co)maxd)-
size subset of t. We claim that for each d € [to]'®%, d~t; is (1 ®C)-large and so there
exists 1 C t which is (1®(Co)maxa)-size. Suppose d"t; is (1®C)-small for some (1®Cy)-
size d. This implies that (maxd)~t; is (14Cp)-small. Let v be a (14Cp)-size set such
that (maxd)~t; C v. From maxd < maxty it follows that (maxto)~t; and v contradict the
smoothness of 1@®Cy. Moreover, since t is (1®C€1)-prehomogeneous for ¢, € is well defined.

1dC;—1
k

We obtain that ¢ is a coloring of a (1®B’)-size set and since B’ — (A) there exists

u € [to]' ®€194 which is 1-prehomogeneous for ¢.
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We claim that u™ty is a (1®C @ A)-large T-prehomogeneous set for c. We start by
showing the largeness. Let u’ be the A-size initial segment of u. We need to prove that
u\u'"ty is (1 ®C)-large. Notice that u\u’ is (1®C)-size. Towards a contradiction assume
that u\ u’"t; is (1®C€)-small. In other words suppose that (maxu)~t; is (16Cp)-small.
Let v be a (1®Cy)-size set such that (maxu)~t; C v. Since (maxto)~t; =t} is (1HCp)-size
and maxu < maxto, we get that v and t] contradict the smoothness of 1&Cy. Therefore
u\u'"ty is (14C)-large and so u™ty is (1®C & A)-large.

We are left to prove that u™t; is 1-prehomogeneous for c. Let w € [u™t; "€ and letw’
w be (1®Cy)-size. We claim that w’ C u. Otherwise if we write w =w’*™(maxw’)~w\w’,
we get (maxw’)"w\w’ C ty. Since w'* is Cy-size we have that (maxw’)"~w\w'is (1$C)-
size which is a contradiction since (maxw’)"w\w’ C t; and t; is (1®Cp)-small by its
definition. Therefore w’ C u. By definition of ¢ we have ¢(w’) = c(w) and since u is
1-prehomogeneous for ¢ it follows that c(w) depends only on minw. Hence u™t; is 1-
prehomogeneous for c. O

Theorem 4.5.1 together with Theorem 4.6.1 proves Theorem 4.3.8.

4.7 NESTEDNESS OF THE SYSTEM

This section is devoted to the proof that the system of fundamental sequences of Definition
4.1.13 on I'¢ is nested (Theorem 4.1.14). Recall that a system of fundamental sequences is
nested if it is never the case for n > 1 that

B>y >pMml>yml

The first few lemmas show that, in some circumstances, the fundamental sequences for
ordinals above some bound lie entirely above that bound. Each ordinal in the rest of the
section is below TI%.

Lemma 4.7.1. Let k € w and y be an ordinal. If ¢5(0) <7y < €o then @§(0) < y[1] and hence
©k(0) <yl foralln >0,

Proof. We proceed by induction on k. The case k = 0 is obvious as ©3(0) =0. Assume
now that (p]g“ (0) <y <ep. If y=w* then (plg(O) < « < €o and by induction hypothesis
@&(0) < «f1]: then @517 (0) < w1 =v[1]. Otherwise, we can write y = w* + p for some

a > @kt1(0) and w™ > B. Then y[1] = w® + B1] > o5 (0). -
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Lemma 4.7.2. For every & > ey we have 8[1] > € and hence d[n] > € for all n > 0. Similarly,
for every & > Ty we have 8[1] > Ty and hence d[n] > Ty for all n > 0.

Proof. We start with the first statement. The proof is by induction on 6. If the Cantor
normal form of 4 has more than one term, then 5[1] is larger or equal than the first term,

which is > eg. If the normal form of § consists of a single term we distinguish four cases.

o If 8 = w*™ with § > « then we must have « > €¢ and the induction hypothesis yields

x[1]

«[1] > €o. Hence 8[1] = w > €p.

o If 5 =¢5,(0) > 8o then 8o > 1 and we have 5¢[1] > 0. Thus 6[1] = (p%om(O) > €9.

o If 5 = @5, (o) with § > o > 0 and 8 > 0 we have @5, ([1]) > €o and, a fortiori, §[1] =
(0%0[1]((950(0([”) +1) > ep.

o If 5 =T then, for some 3 depending on &, 3[1] = (p(pﬁ(o)(O) > €p.

For the second statement we proceed similarly, treating only the cases where a different

argument is needed.

o If 5 =@s5,(0) > d¢ then 6o > Iy and we have 8¢ [1] > Iy by inductive hypothesis. Thus
51 = (pgom(O) > To.

e Suppose 6 = @5, () with 8 > & >0 and 59 > 0. We consider three subcases depending

on the value of «.
— When o =0 we must have o > I'p; by inductive hypothesis 8o[1] > Ty and so
O[] = (p%om(O) > To.
— When 0 < o < Ty we must have 5y > T; then we obtain 6[1] = (p%o[”((pg;o(oc[]]) +
1) >Th.
— Finally, if o« > I, by inductive hypothesis we have «[1] > I, and then §[1] =
@%0[1](@5(06[1]) +1) >To.

o If 5 =T then 8[1] = (p‘PFarnﬁ‘(O)(o) > T. ]

Lemma 4.7.3. Fix 6 and suppose y < (3 are such that vy is in the range of @s but {3 is not. Then
v < B[1] and hence vy < B[] for all n > 0. The same holds if y < 3 are such that v =T, but {3 is
not of the form T's for any b.

Proof. Consider first the case of the Veblen functions. Let v = @;s(y1) and argue by
induction on 3. If the Cantor normal form of f has more than one term then p[1]
is larger or equal than the first term, which is > @s(y1) =7y. Since f is not in the
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range of @, the remaining case is 3 = @z (o) for some & < d and « < 3. If & <y then
B=eo:(x) < @el@s(v1)) = @s(y1) =y which is a contradiction. Thus v < « and by the
induction hypothesis (o is not a fixed point of ¢; and hence is not in the range of ¢;) we
have v < «[1]. Since B[1] = (pé[1]((pg(0([1]) +1) > «[1], we get vy < B[1].

In the case of the I' function we again proceed by induction on 3. Recall that I, is
the yq-th ordinal such that ¢, (0) =<vy. The case 3 decomposable is trivial as before. We

suppose 3 = ¢z () > « and we distinguish different subcases.

o If B = @¢(0) then & >y and by inductive hypothesis £[1] >y. Hence B[1] = ©Z.,(0) >
Y.

o If B =@z () with 0 < <y then it must be & > y. Hence B(1] :(pé[1]((pg(06[1])+1) >
(Pé[”((Py(OC[H)JF]) >Y.

o If p=@¢(a) with o > then by inductive hypothesis (1] >y. Hence B[1] =
Pem(@a(all) +1) > 0 (v) > . .

Lemma 4.7.4. Let 'y and & be ordinals such that vy is not of the form @(0) for any yo. If
Y > ©5(0) then y[1] > @5(0).

Proof. 1f vy is decomposable or & =0 the thesis is trivial. We can assume y = @z (vo) >vo >0.
Case b =1 was proved in Lemma 4.7.2. Case & < 8 follows by Lemma 4.7.3. Finally, if £ > 6

then (1] = @F 4, (@ (vol1)) +1) = @F 1, (@5 (yol1]) + 1) > @5(0). O

Notice that the previous result fails when y of the form ¢.,(0): e.g. ©(0) > @3(0) >
©$(0) = 9o (0)[1].

Lemma 4.7.5. Let n > 1 and Ty and b ordinals. Then & =T + 1 if and only if d[n] =T%.

Proof. The forward implication follows from the regularity of the system of fundamental
sequences.

For the backward direction suppose b is decomposable. Then, by regularity, d[n] =T% is
greater or equal than the first term in the Cantor normal form of 5. Hence 6 =T + 3 with
I'e 2> B >0. Then 'y =8[n] =T + B[] implies B[n] =0. Since n > 0, this can only happen
if 3 =1. We are left to prove that 6 cannot be indecomposable and we do that by cases.

o If § = wd > §y then §[n] = wd M .n. Since n > 1, 5[] is decomposable contradicting
5[1’1] = ra.

o If 6 =@s,(0) > dp then 6y >0 and d[n] = (pg‘OTT]L](O). If 5on] < Tg then d[n] < Tg. If
do[m] > T then, since n >0, d[n] > T%.
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o If 6 = ¢5,(01) > 61 >0 then d[n] = (ngJE;]((péo(él m]) +1). If dp[n] < Te then I is a
fixed point of @, and so I'e = d[n] implies 'y, = @5,(81M]) + 1 which cannot be. If
doMm] > T then d[n] >T%.

o If 5 =T then « > & otherwise 'y > 6 > 8[n]. In particular « > 0. Then if 'z =5[n],
since I'e, = @r, (0) and by the definition of T'y[n], we get I'e =Ty, + 1 which cannot
be. O

Proof of Theorem 4.1.14. We prove that for every 3,y < T and n > 1:
(A) it is never the case that y[n] < B[n] <y <f
(B) for every & <TI¢, if y < @s(y) it is not the case that y[n] < @s(Bn]) <y < @s(p).

Remark 4.7.6. Notice that the hypothesis v < @5(v) in (B) is necessary: let A be a limit
ordinal, § =Alnl, B = ¢a(0) and vy = @5+1(0). Then Bn]=yMn] =2 (0) < @p"%(0) =
@s(BM]) <y <P =es(B). In this counterexample both vy and (3 are fixed points of ¢s.
The proofs of (A) and (B) are by simultaneous induction on the pair (v, 3). Notice that if
v is not in the range of @5 then (B) is immediate. In fact, either vy < @5(p[nl) or @5 (Bn]) <
v and we apply Lemma 4.7.3 to @5(f[n]) and y: in this way we get @5 (B[n]) <y[1] <yMn]
for all n > 1. Therefore we prove (B) only for & such that y is in the range, but not a fixed

point, of @5.

If v <1 both (A) and (B) hold because two distinct ordinals below y do not exist.

If v is of the form wY° +vy; with wY° >=>vy; >0 recall that y[n] = wY° +vy;[n]. For (A)
assume towards a contradiction that y[n] < f[n] <y < 3 and consider different subcases
depending on the form of 3.

(i) B = who+ By with wPo > B > 0. In this case y < f implies vo < Bo and B[n] =
wPo + B1[n] <y implies Bo < vo, so that Bo =vo. Hence yi[n] < B1[n] <y < B,
contradicting the induction hypothesis of (A).

(ii) B = who > By. In this case y < B implies yo < Bo and BM] = wholM . n <y implies
BoMm] < vo.

o If Bo[n] <vyp then Bn] < wYe < y[n] against y[n] < Bnl.

o If Boln] =vyo then wY? - n <y =wY+vy; and hence wY° - (n—1) <y so that
we can write Y1 = wY? - (n—1) 4 6 for some & with wY° >> 6 > 0. Then v [n] =
wY . m—1)+6n] > wY-(n—1) and y[n] > wY°-n = B[n]. This contradicts

again y[n] < p[nl.
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(iii)

B=¢p,(B1) with o >0and 37 < or p =T%. In this case B[n] is in the range of (po

while v is not: applying Lemma 4.7.3 we obtain 3[n] < y[1] contradicting y[n] < [n

There is no need to prove (B) because v is in the range of no @5.

If v is of the form wY° with 0 <y <7 recall that y[n] = wY°[™ . n. To prove (A) as-

sume towards a contradiction that y[n] < B[n] <y < p and consider different subcases

depending on the form of 3.

(i)

(i)

(iii)

(iv)

B= wBO + B with wPo > >0. Theny < p implies yo < o and hence y < <who 4
B1Mm] =Bl

B = wBO with o < . Then y < p implies yo < o, Bn] = whPolml . n <y implies
BoMml <vo and y[n] < B[n] implies yo[n] < Bon]. We thus have yo[n] < Bonl <vyo <
Bo against the induction hypothesis of (A).

B=¢1(0) =€p. By Lemma 4.7.1 B[n] = (p8+1 (0) < v[1] € v[nl, which contradicts

vl < BMml.

B=@1(B1)=ep, with 0 < ;7 <. To simplify the notation let & = eg, ) + 1, so that
Bn] = (p{)”] (£). We have that 3[n] <y implies @3 (&) <vo. If yo < w® (E)+1 then
@y (&) is the leading term of the Cantor normal form of vy (which includes other
terms) and yom] > @7 (&). Thus y[n] > wYoml > (p““ (&) = p[nl], a contradiction. We
can therefore assume yg > w® ()T Let v1 be such that wY' <yo < w1 which,
by the above assumption, implies v > @5~ 1(&). Consider first the case wY' < yo: in
this case the Cantor normal form of v, includes other terms after the leading term
w?Y' and hence yo[n] > wY' > @3 (&) so that yn] > wYoml > (p“+1 (&) = B[nl, a con-
tradiction. We thus have yo = wY' and y = (pohq) We can repeat this argument
until we obtain that y = (p“Jr1 (Yn) for some vy, > £. But then (pn+1 (ynn]) <vyn] <
Bn] = (pz)hL1 (&) <y= (ng (yn) which implies yn[n] < & < yn. Therefore we have
Ynnl < eg, ). Towards a contradiction suppose yn[n] = €g, ). If yn is decompos-
able then it must be v, = €g, ) + 1 which cannot be. Otherwise, since yn ¢ ran @y,
it must be vy, = w® > §. In this case n > 1 implies that v, [n] is decomposable and so
it cannot be g, ). It follows that yn[n] < €g,m) < Yn. Moreover yn <y < =e€g,
and, since yn, is not a fixed point of @1, we contradict the induction hypothesis of (B)
with yn[n] < eg,m) <vn <e€p,-

B=¢p,(B1) with o >1and 31 < or p =T%. In this case both 3[n] and {3 are fixed
points of ¢ and w?Y° Mln<Bh]<wY <p implies yo[n] < B[n] < yo < P against
the induction hypothesis of (A).

We need to prove (B) only for 8 =0 since y ¢ ran ;. If wYo™ . n < wPM < wyo < wP for

some 3, we have that yo[n] < f[n] <vyo < against the induction hypothesis of (A).
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If yis ¢1(0) =€o then 3 >¢€p and Lemma 4.7.2 imply that [n] > eo for all n > 1. There-

fore we cannot have a counterexample to (A). On the other hand (B) is immediate because

we should consider only the case 6 =1, and @1(Bn]) < e¢ is impossible.

_ . n+1

If v is of the form ¢, (0) with 1 <y, <y recall that y[n] = 03 (0). To prove (A) we

assume towards a contradiction that y[n] < f[n] <y < 3 and consider different subcases

depending on the form of 3.

(i)

(ii)

(iii)

(v)

B =who + By with wPe > By > 0. Then, since v is an indecomposable ordinal, y < 8
implies v < wP? and hence y < who + B[] =M.

B = @p,(0) with o < B. Case Bo =0 is trivial. Otherwise yo < o and we have
(ngrh]ﬂ (0) < ‘PE:[L} (0) < @v,(0) < @p,(0). Thenyo[n] < BoMm] <vyo < Po, contradicting
the induction hypothesis of (A).

B =p,(B1) with 0 < 37 < . Notice that yo < o cannot hold, because otherwise
Py, (@p,(B1M])) = @p,(B1[n]) < BMM] <y (the first equality holds because B¢ > vo)
which is impossible as 7y is the least element in the range of ¢,,,. Analogously, Bo =vYo
yields @+,(B1n]) = @p,(B1[n]) < B[n] <y which is impossible for the same reason.
Thus o <o and B does not belong to the range of ¢.,: Lemma 4.7.3 then implies

v < B[n], a contradiction.

B =To. Then we are assuming (p:;:[:ﬂ (0) < @rym—11(0) < @4,(0) < Ty which implies
Yol <Tomn—1] <vyo <Ty. If n>2 (so that n—1> 1) we have yoln — 1] < Thn —
1] < vo < T contradicting the induction hypothesis of (A). In the case n = 2, since

Io[1] = €p, we get a contradiction with Lemma 4.7.2.

B=Te. Letdni1=Tgm +1and 8 = @5, (0) for i<n. Thus 't [n] = ¢@5,(0). Then our
assumption y[n] < B[n] <y < B yields yo[n] < 6o <yo < . We claim that yo = ¢, (0)
for some vy;. In fact, if yo were decomposable then, since §y is indecomposable,
Yom] > 8o, a contradiction. If instead yo = @, (v2) > v2 > 0 then, since 6o = @5, (0),
Lemma 4.7.4 implies yom] > 8o. This proves the claim. Notice that it must be yo >
Y1 > 0. The claim and the chain of inequalities yo[n] < 60 <vo < B yields y1[n] <
81 <v1 < B. Iterating n + 1 times we obtain for each i <n + 1 an ordinal y; such
that yi—1 = ¢+,(0) and yi[n] < 6; <yi < B. In particular yn 1] < doni1 <vnt1 <
B. Since yn41 is not a I' ordinal and yn41 > 80 =gy + 1, Lemma 4.7.3 implies
Yn+1Ml 2 Ty Since Tgrny +1 > yn1ml it must be yn1Mm] =T 7. Lemma 4.7.5
implies that vy 11 =Tgn) + 1, contradicting Mgy +1=8n+1 <Vny1-

To prove (B) we should consider only the case 6 =vo: @, (Bn]) < ¢,(0) is impossible.

105



106

| THE BARRIER RAMSEY THEOREM

If v is of the form ¢, (y1) with 0 <yo and 0 <y; <y we first need to recall y[n ] =
:/‘;L[ld (@, (v1[n])+1). To prove (A) we assume towards a contradiction that y[n] < [n
Y < B and consider different subcases depending on the form of f3.

(i) B=wPo+ By with wPo > By > 0. Then, since v is an indecomposable ordinal, y < 3
implies y < who and hence y < wPo + B [n] = Bnl.

(i) B = @p,(0) with Bo < . Case 3o =0 is trivial. So assume By > 0, recall that f[n] =
n—H

(O) and notice that y < 3 implies yo < . We consider three different subcases.

o If Bo[n] < yo then we also have yon] < [30[ ], against the induction hypothesis

of (A). In fact Bom] < yp[n] implies B (pgH (0) < (p;/‘:[] (0) <y[nl, a contra-

diction.

o If Bon] =vo then, peeling off an application of ¢, we obtain (pgo [n](O) <vi.

If v1 does not belong to the range of @g,m) = @y, then Lemma 4.7.3 implies
(pgo[n}(O) v1[m] and hence Bn] < ¢,(v1[n]) <vynl which is a contradiction.
Therefore y1 = ¢, (v2) for some y, <y; and we have (pﬁ (O) <7v2. Ify, does
not belong to the range of @g ) then Lemma 4.7.3 1mphes (pgof[lﬂ(()) < van]
and consequently B[n] < (pf,o (v2In]) < @y, (@, (v2In]) +1) < @y, (v1In]) <yl
Therefore v, = ¢+, (y3) for some y3 <y, and we iterate this procedure finding
for each i <n + 1 some vy; such that ¢, (yi) =vi—1 and (p“ 1“ (0) <vi. Then,
starting from 0 < yn41[n] we obtain 3[n] (p{};” (Ynpin) <--- < (p%,o (viln]) <
-+ < @, (v1[n]) <y, which is again a contradiction.

e If yo < Bom] then v is not in the range of @p ) and Lemma 4.7.3 implies that

BM] < vynl.

(iii) B = @p,(B1) with 0 < 7 < 3. As before, we consider different subcases.
o If Bo <7yo then {3 is not in the range of ¢, and Lemma 4.7.3 implies that y < [n].

e If Bo =7vo then we have y; < 371 and, since Bon] = yonl, also y1[n] < B1nl.

The induction hypothesis of (A) then yields that y; < 31[n] and hence y <
©v, (B1n]) < @p,(B1[n]) +1 < PBn] a contradiction.

o If Bon] <yo < Bo then by the induction hypothe51s of (A) we have Bo[n] <vyolnl.

Since @, (@p,(B1n])) =@p,(B1M]) < BM] <y (Where the equality holds because
Yo < Bo) we have, peeling off an application of ¢, that @g,(1[nl) <y7. Notice
also that y1 <y < 3 so that we get @g,(B1n]) <v1 < @p,(B1). We know that
Y1 is not a fixed point of ¢, and, a fortiori, of ¢g,. Hence, by the induction
hypothesis of (B), @g,(B1[n]) <vilnl. Applying ¢, to both members of the
previous inequality, we get @g,(B1[n]) +1 < @,,(y1m]) + 1. Finally, applying
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n+ 1 times @p ) to the left hand side and ¢, ) to the right hand side of the
previous inequality (in addition to the fact that 3o[n] < yo[nl), we get precisely
Bl <yl

o If Bon] =7vo then to ease the notation let & = @, (B1[n]) + 1 so that Bn] =
(pggr[ll](é). Then we have (pgo [n}(E,) < v1 by peeling off one application of -,
from both sides. If y; does not belong to the range of @g ) = ¢y, then Lemma
4.7.3 implies (pgo (n] (&) <y1[n] and hence B[] < ¢, (v1[n]) <y[n] whichis a con-
tradiction. Therefore y1 = ¢, (v2) for some vy, <y; and we have (pgo_[:l] (&) <v2
again by peeling off one application of ¢., from both sides. If y, does not
belong to the range of @g ) then Lemma 4.7.3 implies (pgo_[lﬂ(é) < v2[n] and
hence BIn] < @2 (v2[n]) < @y, (v1n]) <7yn]. Therefore v2 = @y, (y3) for some
Y3 <72 and we iterate this procedure finding for each i <n + 1 some y; such that
@vo(vi) =vi-1 and @} -1 (E) <yi. Then we have @g,(B1[n]) < & < yni1 and
Yn+1 is not a fixed point for ¢, and hence not in the image of ¢, because 3o >
Bom] =vo. By Lemma 4.7.3 @g,(B1M]) <vyn41[1]. Notice that if v, 11 is a suc-
cessor then @g,(B1M]) <& <yn41l1] and if yn 1 is limit then yn 1 [1] <ynp1nl.
Therefore @g,(B1[n]) < yn+1M] and hence & < yni1[m]. Thus, applying n + 1
times @, to both sides of this inequality, we get 3[n] < (p%r] (Ynr1n]) <...<
@b, (yilnl) < ... < @y, (yinl) <ynl.

o If yo < Bo[m] then v is not in the range of ¢, and Lemma 4.7.3 implies that

Bl <yl
n+1

(iv) B =To. We are assuming (Pyo[n](‘Pw (vim]) +1) < or,m-11(0) < @,(y1) <To and
consider three subcases.

o If Ih[n—1] >vo then yy > Tp[nl. Since y1[n] < yn] we would get yi[n] < Ton] <
Y1 < To, contradicting the inductive hypothesis of (A).

o If TyIn — 1] =vyp then IH[n] < @, (y1n]) + 1 < ynl, a contradiction.

o Otherwise yon] < Ton —1] <y < Ty and we can argue as in (iv) of case y =
(p‘Yo (O)

(v) B =Tg. Let 6 be such that 3[n] = @, (0)(0) and notice that @5(0) >yon]. With this

n+1

notation, we are assuming @7 1 (@, (V1 M) +1) < @ps0)(0) < @y,(v1) <Te and

consider different subcases.

o Ifvo > @5(0). Thus yonl < @s(0) <vo <P and 0 @y,n)(0) <@g, (0)(0) =pMl <
©v,(0) < @p(0) = . Since @;5(0) >yo[n] then B[] is a fixed point of @) and

n10) < Bn] < @+, (0) < B. This contradicts the induction hypothesis

we get @3,

of (A).
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o If yo = @5(0) then (p;};r[ll](O) <y < BM] = ¢y,(0) <7y contradicting the induc-

tive hypothesis of (A).

o If yo < @5(0) then both 3 and [n] are fixed points of ¢,. Hence peeling off one
application of ¢.,, we get [n] <y7 < 3. Moreover, y1[n] <y[n] < 3[n] contradicts
the inductive hypothesis of (A).

To prove (B) we should consider only the case =y and assume towards a contradiction
that yIn] < @,(BM]) <y < @,(B). Then B[n] <vy; < B and the induction hypothesis of
(A) implies B[] < y1[nl so that ¢, (B[Mn]) < @,(y1M]) <yn], a contradiction.

If v is of the form Iy then 3 > Ty and Lemma 4.7.2 imply that B[n] > T for all n > 1.
Therefore we cannot have a counterexample to (A). On the other hand (B) is immediate

because we should consider only the case 6 =T, and ¢r,(B[n]) <To = ¢r,(0) is impossible.

If v is of the form 'z then to prove (A) assume towards a contradiction that y[n] <
Bn] <y < B and consider different subcases depending on the form of (3.

(i) B #Ts for all 6. In this case 3 > I’y and Lemma 4.7.3 imply that v < 3[n] a contradic-
tion.

(i) p =Ts with 6 < 3. In this case & < & and I'z[n] < Ts[n] < Tz < T5. By considering
n+ 1 times the index of the Veblen functions, the first inequality becomes I [,,) <
I'sin1- Then we get £[n] < 8[n| < & < & contradicting the smoothness of the system

of fundamental sequences on ( we started from.

To prove (B) we should only consider the case of @r,. This is immediate since ¢r, (B[n]) <

e = @r, (0) is impossible. O
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